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Lecture 2: Games
 (section 6 from the notes)
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Sections in the Notes



Theory of Games



A simple example of a two player game
Simultaneous action selection





Prisoner’s Dilemma Game

To confess or not to confess?



Nash Equilibrium (pure)

We say that this pair of strategies (S,T) is a (pure strategy) Nash 
equilibrium if S is a best response to T, and T is a best response to S. 

Examples



A simple game in which no player has a strictly dominant strategy, 
but for which a Nash equilibrium exists

Two businesses approach clients (A,B or C).



Mixed strategies and Equilibria



Mixed strategies and Equilibria



Mixed strategies and Equilibria



Mixed strategies in matching ponies



Mixed strategies in matching pennies









Do the same for p, so you find the equilibrium.





Social and Pareto-Optimality.



Game of Chicken



Games in alternating stages: The flag Game

• There are 21 flags and two players, who alternate in taking turns to 
remove some flags.


• Player 1 goes first, then player 2, then player 1 again, and so on. 


• At each turn, the player has to remove 1, 2, or 3 flags; this is the 
player’s choice at each move. 


• The player who removes the last flag (whether as the sole remaining 
flag or one of the last surviving set of 2 or 3 flags) is the winner.


• Who has a winning strategy and how can (s)he win?

• So far we have considered one-shot games, in which all 
players make a simultaneous strategy choice.


• One may also consider games which take place in stages.

Question 35 



Traffic Networks: Braess’s Paradox

•  if each car takes the upper route (through C), then the total travel time for 
everyone is 85 minutes, since 4000/100 + 45 = 85.


• The same is true if everyone takes the lower route.


•  if the cars divide up evenly between the two routes, so that each carries 2000 
cars, then the total travel time for people on both routes is 2000/100 + 45 = 65.

What will happen? Dominant strategies? Nash equilibria?

•  4000 cars want to get from A to B as 
part of the morning commute.


• There are two possible routes that each 
car can choose: C or D



Traffic Networks: Braess’s Paradox

The ‘paradox’:  
A fascinating thing happens when we add in a superhighway 

•   Nash equilibria are precisely those sets of 
strategy choices in which the drivers are 
distributed evenly with 2000 on each 
possible route.


•Why?

What will happen now?



Paradox when we add in a superhighway 

• unique Nash equilibrium in this new highway network


• but it leads to a worse travel time for everyone.


• At equilibrium, every driver uses the route through both C and D (why?) 


• the travel time for every driver is 80 (since 4000/100 + 0 + 4000/100 = 80). 

adding resources to a transportation network can 
sometimes hurt performance at equilibrium 

Dietrich Braess

network traffic at equilibrium is not socially optimal (80 versus 60).



General traffic network analysis



General traffic network analysis





Define energy of traffic pattern

Why is it decreasing under best-response update?



Why is it decreasing under best-response update?



First task achieved: there exists equilibrium

Given any traffic-pattern, apply the process until the end.

Why?

The pattern you find must be an equilibrium



Second task: Equilibrium is near optimum

so the total travel time is at most twice the potential energy. 

Why?



so the total travel time is at most twice the potential energy. Why?



Recall: social cost of a given traffic pattern is the sum of the travel 
times incurred by all drivers when they use this traffic pattern. 

So:

Remains to find equilibrium with social cost at most twice the optimum:

•   start with optimum pattern


• Apply process to get an equilibrium


• At each step cost may increase but 
Energy goes down

So social cost can at most double

Arrived at equilibrium with cost at 
most twice the optimum.



Questions 32, 33


