THE APPROXIMATION STRUCTURE OF A
COMPUTABLY APPROXIMABLE REAL

GEORGE BARMPALIAS

ABSTRACT. A new approach for a uniform classification of the com-
putably approximable real numbers is introduced. This is an important
class of reals, consisting of the limits of computable sequences of ratio-
nals, and it coincides with the 0’-computable reals. Unlike some of the
existing approaches, this applies uniformly to all reals in this class: to
each computably approximable real z we assign a degree structure, the
structure of all possible ways available to approzimate z. So the main
criterion for such classification is the variety of the effective ways we
have to approximate a real number. We exhibit extreme cases of such
approximation structures and prove a number of related results.

1. INTRODUCTION

The real numbers which are limits of computable sequences of rationals,
also called recursively approximable reals (r.a. for short) form one of the
most important classes of non-computable reals. We prefer calling them
computably approzimable (c.a.) according to the change of terminology in
computability theory (adopted by many researchers in the field). By a result
of Ho[8] they coincide with the 0’-computable numbers, i.e. those that can be
computed with pre-assigned accuracy using the halting set as an oracle (see
[8]). There has been a lot of effort in order to classify c.a. reals and the main
criterion was the difficulty to approximate them. One of the most successful
attempts for such classification is Solovay’s structure of computably enumer-
able (c.e.) reals (an important subclass of c.a. reals) which really captures
the notion of a c.e. real being more difficult to approximate from another.
The maximal elements of this structure, intuitively being the hardest c.e. re-
als to approximate, turn out to be random reals (see [5]). However Solovay’s
approach is applied only to c.e. reals ! although a number of more recent
approaches (via reducibilities or hierarchies) deal with more general classes.
For example Rettinger and Zheng[12], [11] define a dense hierarchy of c.a.
numbers which transcends the c.e. reals (yet it does not exhaust the c.a.
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reals). The underlying idea of this classification is how ‘slow’ is the ‘fastest’
computable sequence with limit a particular real (see Zheng[15] for a survey
of results in this direction). Other approaches have to do with reducibilities
e.g. Downey, Hirschfeldt and LaForte[6] where particular reducibilities are
introduced as a measure of relative randomness.

In this paper we present a different approach for classifying c.a. reals:
our criterion is the variety of the possible ways to approzimate a real. Using
restricted oracle computations we make this statement precise: having a real
z and an approximation lim z; = & we consider the set

A, ={s |z <z}

which we may assume is infinite and co-infinite. We regard these sets
as a sort of ‘representations’ of z and we study their complexity (and how
they relate to the complexity of ). In particular, we order the class S; of
all such sets (for possible approximations of z) with a strong reducibility

<, (e.g <wtt, <m etc.) and we get a degree structure DL. Each element of
D% represents a different way to approximate z in terms of the restricted
oracle computation associated with <,. Indeed, if A, <, A, for 2z, y approx-
imations of z, then given restricted access to the oracle A, (which contains
the information of which terms of y lie on the left of z) we can extract the
relevant information about the approximation z. So in a way, y is at least
as good as z. 2 If DL has a maximum element, then there is a best approx-
imation. And if it is trivial, i.e. consists of a single degree, then we could
say that all ways available to approximate z are quite similar (with respect
to <,).

In the following sections we will exhibit a variety of structures D} (which
turns out to be a substructure of the r-degrees inside the Turing degree
of z). In fact, we construct a c.e. real ¢ such that an infinite antichain is
embedable in DY, In this case the approximation structure is quite rich and
intuitively there are a lot of different ways to approximate . In the other
extreme we construct a c.e. non-computable real z such that DI is trivial,
i.e. it consists of a single element. Such constructions of structures DL with
desired properties are done on a special framework for priority injury. In
particular, the proof of theorem 3 has several interesting special features. A
notion of ‘links’ is defined which is central in the actual construction; the
links are actively involved in the priority list and they behave as negative
requirements. But since they are created during the construction (in a
way which is not predictable) one could say that negative requirements are

2We note that all A, contain the same information about z for various z with lim z = z
(see proposition 1). The difference may be that this information is arranged in different
way. This is the case when A, Z, A, forlmz =lmw=2z. If A, fr A, the information
in A, is so much rearranged from the point of view of A,,, that a strong oracle procedure
(based on <) is not enough to decode A, from A,,.
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generated in the course of the construction and special care has been taken
in order to control them.

In section 5 we note that some strong reducibilities coincide if we restrict
ourselves to the class S; for a real z; these are m, bounded tt with one
query (also called btt(1)) and the positive reducibility. Finally in section 6
we are looking at the immunity properties of the sets in S, for a given real
z. The motivation for this is that when a real is e.g. c.e., then its complexity
intuitively depends on how rough the right dedekind cut of it is. Theorem
1 says that no matter how complex z is, we can always produce infinitely
many rationals in a very small area of z in the right cut of it. So one may
want to see how the complexity of z depends on the complexity of N— A, (in
case the last is non-trivial, i.e. infinite). When a set A is (h or hh-) immune,
intuitively it is difficult to make correct guesses about elements in that set
(in case of immunity the output of a machine is viewed as a sequence of such
guesses; in h-immunity an element of a strong array is a guess and it is correct
if it intersects A; and in hh-immunity the notion of ‘guess’ is even weaker,
corresponding to weak arrays). In this sense one may hope to get different
classes of c.e. reals (with different ‘complexity’) by changing the immunity
requirements on the set N— A,. We show that this is imposible; namely this
set is either computable or h-immune and not hh-immune. Similar results
are obtained for co-c.e. reals and non semi-computable ones.

Here is a list of conventions we adopt in the rest of the paper:

e The expression ®(A) = B; ¢ means that the equality holds and the
calls to the oracle A are bounded by ¢.

e We assume a standard 1-1 pairing function (.,.): N x N — N.

e The mode [s] after a parameter of a construction means that we con-
sider the value of the parameter at (end of) the s-th stage of the con-
struction. Also, parameters which are not explicitely re-defined at
some stage of the construction are assumed to preserve the value they
had in the previous stage.

o If p.(n)[s] | then n,e < s.

All rational sequences in this paper are computable sequences of rational
numbers. They are often represented by z, w (when their terms are zg,
ws) and we usually drop the subscripts in their limits (e.g. we write lim z
for lim; z;). The sequence (®., ¢.) is an effective enumeration of the com-
putable functionals/functions and the symbol | in front of a requirement
or a parameter in a construction means that it is satisfied or defined re-
spectively (the symbol T indicates the opposite situation). Many arguments
are accompanied with illustrations in order to make them more compre-
hensible. For backround and basic definitions in computable analysis we
refer to Zheng[15], Dunlop and Pour-El[7], while Odifreddi[9], [10] cover the
computability theory used in this paper.
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2. THE APPROXIMATION STRUCTURE.

In this section we are going to give the definition of the approximation
structure of a c.a. real z. Consider all computable sequences of rationals
z = {zs} with lim z = z and for each of them, the sets

(1) A, = {s]z <z}
B, = {s]|zs >z}

In the following we always consider z so that A, is infinite and co-infinite
(the other case being trivial).

2.1. Basic fact. The following theorem shows that such sequences always
exist. We note that this follows from the proof of theorem 5; however we give
a direct proof since the more complicated argument in theorem 5 is based
in the simple idea of the proof we are going to present now (so reading this
proof will help understanding the latter).

Theorem 1. If z is a c.a. real then there is a computable sequence of ra-
tionals z = {zs} with limit z and A, infinite and co-infinite.

For the proof, it is easy to see that if z is computable the result holds. And
if z is not semi-computable then every (computable) sequence z with limit
z has A, infinite and co-infinite. So the only interesting case is when z is
non-computable and semi-computable, say c.e. (the other case being dual).
We will show how from an increasing computable sequence of rationals with
limit  one can effectively obtain a sequence satisfying the requirements of
the theorem.

Suppose that lims; z;, = ¢, {2} is strictly increasing and |z — z;| < ﬁ
for a function f : N — N — {0} which is of course non-computable and
lim, f(n) = oco. The idea of the construction is that we are able to make
guesses about rationals which lie on the right of z as the following figure

shows

correct guess

Figure 1: Guesses.

Suppose that at stage s we make a guess; if this is the n-th guess then
we denote it (i.e. the rational which is proposed to be greater than z) by
y0. Because z is not co-c.e. (since it is not computable) it is hard to make
correct (or, as we sometimes say, successful) guesses and some of the guesses
will be false. The false guesses will be detected by the increasing sequence
{z,}; indeed, when at some stage s it is z, > y0 then we are sure that 32 is
on the left of z and so the guess is false. And this will definitely happen if
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the guess is false. When at stage s we discover a false guess (as above) we
propose a correction yl: this is the 1-st correction of the n-th guess. Later
we may find (in the same way) that the correction itself is false, in which
case we propose another correction. So for each guess y0 we get a sequence
of corrections y},7Z2,... that will eventually reach a yS which is indeed on
the right of z. Moreover, we define the terms of a sequence {z;} to be the
guesses and corrections produced during the construction and we ensure
that lim 2z, = @ (by accumulating both the guesses and their corrections in
smaller and smaller areas of z).

If at stage s the n-th guess has been made, we may also have some cor-
rections by that time. So we define

Yn[s] = nyO

where tg = max{t | 3t < s with z; = y.}. This is the most recent
correction of the n-th guess (up to stage s) and we call it the s-th version
of the n-th guess. We say that y,[s] | when {t | 3¢ < s with z; = ¢’} # 0
(here by z; = y%, we don’t mean just the equality but rather the intentional
‘z; was defined to be the t-th correction of the n-th guess’). Here is how we
make the n-th guess at stage s:

1
y?],:a:s‘l'_
S

and any possible subsequent corrections of this guess will be

2 3
Ts+ —Ts+ —,...
S S

until we reach a rational greater than z. The last can be guaranteed if
we choose zg such that |z — zg| < 1. So for each term y* we have

kE+1
@) vk = ot

where s is the stage where y2 was defined (i.e. the n-th guess was made).
In the following when we say e.g. ‘if y,[v] = z5+ k%l ... (for some s, k) we
don’t mean just the arithmetical equation but rather ‘if the v-th version of
the n-th guess is its k-correction and the n-th guess was defined at stage s
... . At stage s a unique term will be defined, namely z;. If it is defined via
step A of the construction, then it is going to be a (new) guess; otherwise
it is a correction of a previously made guess.

2.1.1. Construction.

Stage 0. Define zg = zg.
Stage s + 1. Two steps:
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step A See whether z5s,1 > y,[s]| for any n with y,[s] |. If not, then define

1
3 s =y =T
(3) o+l T Yng 1T Tst1 T T
where ng = pt[y:[s] T |, and go to stage s + 2. Otherwise go to
step B.

step B Suppose that

{n ] @sp1 > ynls] A ynls] 1} ={ie | k <m}
(ir distinct) and that

123 te—1
Vi [8] = Tny + e = ?/1,’:

for £k < m. Then define

tr +1
T

(4) Zopk = UiF = Ty +
for all £ < m and go to stage s + m.

2.1.2. About the construction.

1. In the definition (4) in step B of the construction, we regard zs;,
¥i,[8] to be defined at stage s + k, for £ < m.

2. In (3) the definition of ny means that there have been made ng — 1
guesses up to stage s — 1 (so the next one is the ng-th guess in the
construction).

2.1.3. Verification.
Lemma 1.1. If 4% was defined at stage s then m < s.

Proof. By induction on m. For y{ it holds since at stage 0 no guess is made.
If it holds for all ¢ < m and y2, is defined at stage s, then the (m — 1)-th
guess is already made by the end of stage s — 1. So m — 1 < s — 1 which
gives m < s. U

Lemma 1.2. N — A, s infinute.

Proof. First we prove that every guess will eventually have a final correct
version; formally

Vn 3s (yu[s] > ).

Indeed, suppose otherwise. Then, according to the construction, there is
an infinite sequence of corrections

o, 1 .2
YrYnrYno - - -
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such that y: < z for all ¢. But

S

(where s is the stage where 30 was defined) and since zo + 1 > z and
zg < x5 for all s, we have y;, =z, + % > z, a contradiction.

To complete the proof of the lemma, we show that for any m there is
s > n such that z; > z. Indeed, at each stage s, exactly one term of {z;} is

defined, namely z;. Choose n; it is

t
Zn+1 = Yg

for some ¢, k. According to the above, consider tg > ¢ such that y,io >z
and the stage s where y,io was defined. It is z; > z and s > n, i.e. what we
where looking for. O

The following lemma finishes the proof of the theorem.
Lemma 1.3. lim, 2z, = z.

Proof. Choose € > 0; we will show that there is sp such that for all s > sg
we have

|z — 25| < €.

71—L} < €. Now choose s such that all z-
guesses for 7 < n have been successfully corrected. Formally, for all s > sq

and 7z < n,

Choose n such that max{ﬁ,

yi[s] > z.

Consider s > sg and the term z,. It will be

_ k
zs:ym[s]:y7il:$t+;

for some t, k, m.
Claim. t > n.

Proof of claim. At stage s, z; was defined either under step A or under
step B. In the first case, t = s > n (due to lemma 1.1). In the second case t
is the stage where 32, was defined and suppose that ¢ < n for a contradiction.
Since m < t by lemma 1.1, it is m < n. By the assumption we made about
30, Ym[S0] > = and so the m-th guess (any version of it) is never considered
in step B of any stage v > sg, a contradiction. O
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Claim. If z; > z then we claim that

o | F

(5) |z —z¢ — - <

1
-

Proof of claim. Suppose otherwise for a contradiction, i.e. |z — (z:+ §)| >
%. Then

and since

k-1
s i

the (k —2)-th version of the m-th guess (namely y*~2) would be successful
and y*~! would never be defined, a contradiction. O

Since it is t > n, (5) gives [z — z,| < X and so |z — z,| < €.

Now suppose that z; < z (it cannot be equal since z is not rational as it is
non-computable). Then since {z;} is increasing and ¢t > n we have z; > z,,
and so

k
|$—zs|:|a:—wt—;|<|w—a:n—

which completes the proof. O
The theorem follows from the above lemmas.

2.2. The definition. One may want to consider the complement of the set
A, of (1); but since we assume it infinite and co-infinite, the two sets have
roughly the same complexity which is directly related to the complexity of
¢ (as we will see in the following). So it makes no difference which one we
choose.

Each of these sets is a kind or ‘representation’ for z. We define a structure
of all these representations (under a fixed reducibility) and we regard this
as the computability structure of the possible ways available to approzimate
the real z. Fix a reducibility <, (e.g. T, wtt, tt, m etc.).

Definition 1. Given a 0'-computable real z, consider the class
Sz ={A, | z computable and lim z = z}

and the partially ordered set (Sz,<,). The elements of S, are called z-
sets. Also, consider the induced degree structure

Dy = {deg,(A) | A € S;}.
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This 1s called the approzimation structure of x and its elements are called
x-r-degrees.

Consider the case where lim z = lim w = z for two computable sequences
of rationals z = {z;}, w = {ws}. It is not difficult to prove that

Proposition 1. IfA,, A, are infinite and co-infinite then A, =7 A, =T z.

So Di is a substructure of the structure of r-degrees inside the Turing
degree of z (see figure 2). Moreover, for any z, DI is trivial, consisting of
the Turing degree of z.

Figure 2: The approximation structure of  inside its Turing degree.

A natural question is whether this holds for stronger reducibilities. Not
only this is not true, but we are able to construct reals with quite rich
approximation structure (with respect to a strong reducibility). Due to our
basic technique for such constructions, all reals constructed in this paper
will be c.e. In Barmpalias[l] we attempted a full approximation argument
for such a construction, but the proofs in this paper turn out to be simpler
and establish much stronger results.

3. ANTICHAIN IN DY,

We now construct a c.e. real z whose approximation structure is quite
rich; namely an infinite antichain is embeddable in DEL.

Theorem 2. There are c.e. reals  such that an antichain of wit-degrees is
embeddable in DY%.

For the proof, we are going to construct a sequence {z"} of computable
sequences of rational numbers such that for each n, lim 2™ = z. Moreover,
we will satisfy the following requirements:

R<5:i:j> : _'[ée(Azi) = A, Qoe]
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(where ¢ # j). In particular, at each stage s of the construction the
requirement R ; ;) will have a current witness a:<eﬂ»,j>[s] and eventually we
will succeed

_'[ée(Azi;:E(e,i,j)) = AzJ(x(e,i,j)); Pe]

where z(.; ;) is the final witness of the requirement R, ;).

At each stage s we want the first s terms of the sequences 2°, . ..z° defined.
It does not hurt if for the sequence 2™ we define only the terms 27 for t > n
(since we can assume that e.g. Vi < n, 2] = 0). So, at stage s we define the
terms 22,..., 25,

The positive actions for R; will be implemented via a non-decreasing
sequence y which tends to z, the real we want to construct. At any stage s,
the interval covered by y (namely [0,y;]) is called the black area (see figure
5); and if a term enters the black area at some point, we call it a black term.

In particular, when we want to put ¢ into A,; at stage s (for the satisfaction
of some requirement) we define y; = 2] (in other words z] enters the black
area). If at stage s no definition of y, is mentioned, then we mean that y
preserves its last value, i.e. y; = y,_1 and otherwise we say that y is redefined
(at stage s); so we treat y as a parameter of the construction which changes

values in the course of stages.

3.1. The definition of z; The terms of the sequences z* are defined during
the construction; the first thing we do at the begining of a stage is to define
some more terms z;

At stage s+ 1 we divide the interval (ys,w;) where

(6) ws =min{z’,1 | n<i<s+1A2" >y}
into s+ 3 equal parts and set zg_l_l, .. zj_ﬁ on the borders (e.g. such that

20> zh > > z:_ﬂ), in other words

” Ws — Ys s+2—n
Zst1 :ws—(n‘|‘1)ﬁ_73=ys+(ws—ys)s_l_73

for all n with 0 < n < s+ 1. So by stage s we have defined the terms zj—
with 0 <7 < j <s, as figure 3 demonstrates.
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Terms defined

0
0]z
0o 1
w | 121 2Z
) 0o L1 2
S22 zn %

S

z “ e “ e ZS

0
s s

-

S|z

Figure 3: The terms defined by stage s.

3.2. The satisfaction of R;. Now we describe the strategy for the satis-
faction of R;. This consists of two parts. So we break R; into R} and RZ;
and when the first part has been completed, we put R} |; and when the
second part is completed we put R? | and the requirement R; is satisfied.
A few explanatory words are appropriate here. Suppose that ¢t = (e, ¢, ).
What we really want to do is, having a current witness z; for R;, wait until
® . (A,;z;) | and if it is 0, put z; into A,,—this is the action of RZ. But
one can see that this may injure the computation as some elements below
the use of the computation may enter A,: in the course of this action (i.e.
by the redefinition of y). For this reason we must act in advance—act under
RL.

We must also keep some priority on the injuries, so after any action mo-
tivated by some requirement, say R;, we initialise all requirements of lower
priority (i.e. R,,n > t) according to the following

Definition 2. To initialise all R,,n > t at stage s, means to set

Titk = S + k
fork=1,2,..., and RL 1, R% 1 for alln > t.
We note the following

Fact 2.1. At any stage s and for any terms z;i , zg (already defined at s)
which do not lie in the black area (i.e. > y5) it is

7> 22 = i <pVi= Ak <
This follows from the way we define the terms z¢ and will be proved in

i
the verification as a lemma.

3.2.1. The action of R}. We wait until ¢ (z;) | and suppose that this hap-
pens at stage s. If there are zi < zz, (so k > x4, by fact 2.1) not in the
black area (i.e. 2} > ys_1), with k£ < ¢.(2;) then put
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ys = max{z} | k <sAz} > ys_1 Az} <z

and R} | (remember that t = (e,7,5)). Also we initialise all R,, n > t.
When such an action is performed we say that R} receives attention.

3.2.2. The action of RZ. When we know that R} has acted (that is when
R} |), then we draw our attention to the satisfaction of R?: we wait until

ée(Azi; :Et) l and

1. If .(A,:; z:) = 0 and the use of the computation is below ¢.(z:) then
we define

Ys = z;j,-;t
thus putting z; into A,;.
2. Initialise all R, for n >t and set RZ |.

When this action is performed we say that R? receives attention.

3.2.3. More about the construction. We say that R; requires attention when
one of the following holds

(i) R 1, R} 1 and g(z4) |
(i) R} |, R? 1 and ®.(A,i;2¢) |
And R; receives attention when

o If (1) holds then R} receives attention.
o If (17) holds then R? receives attention.

3.3. Construction.

e stage 0. Define yo = 0 and zJ = 0.9.
o stage s + 1.
step A Define

Ws — Ys

s+3

Zgp = ws — (n+1)

for all » with 0 < n < s+ 1.
step B Find the least ¢ < s+ 1 such that R; requires attention. R; receives
attention (and so, ys+1 is defined).

3.4. Verification. We start with the following basic

Lemma 2.1. At any stage s and for any terms z;i , zg (already defined at
s) which do not lie in the black area (i.e. > ys) it is
1

zZ; >Z;-z < j1<j2V[j1:j2/\i1<i2]
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Proof. It follows from the way we define the terms z in step A of the
construction by induction on the stages. Indeed, suppose that it holds at
(the end of ) stage s (it clearly holds at s = 0). The terms z* ; (fork < s+1)
will be defined less than all the existing terms which do not lie in the black
area; so it holds after step A of stage s + 1. And if there were z;i > zéi in
the non-black area at the end of s + 1 (i.e. greater than y,41) with neither
j1 < j2 mor [j1 = j2 A i1 < i3], then these two terms should be already
defined at the end of step A of the same stage; but we saw that there are no
such terms, a contradiction. So the lemma holds after stage s + 1 and thus
the induction step is proved. O

Note that from the above lemma it follows that

z;i = zg = (11,71) = (42,72)

Lemma 2.2. For every i it is lim y = lim 2°.

Proof. By induction, all terms of z* (for all i) belong in the unit interval.
Also, y, takes values of terms of z* (for some 4) during the construction; so
the terms of y also lie in the unit interval and since y is non-decreasing and
bounded, it is convergent, say limy = z. Now fix . From the construction
it follows that

Fact 2.2. Ifzq < @ then there are only finitely many terms of z* in (0,z0).

Claim. If there is 1 > = such that infinitely many terms of 2* are in (z1,1)
then no such term appears in (z,z1).

Proof of claim. Suppose otherwise and consider z < z; < z1. Then
according to lemma 2.1, for all & > 7,7

kd Ay =2 € (z,21)

This contradicts our assumption. O

By the claim we proved, it suffices to prove that for every z; > z there
are terms z;- € (z,z1). Suppose that A,: is co-infinite. Let j; < j2 < ... be
an enumeration of the infinitely many elements of N — A,: (by lemma 2.1
we have zjl > z;-2 > ...). We will show that lim, z;:n = z, thus finishing

the proof. Note that for all n, z < z;:n < z?n, so that it is enough to prove
lim,, z?n = z. From the construction it follows that if s, is the stage where

z?n was defined then s; < s < ... (actually s, = j,). At the beginning of
stage s; we have the interval I5, = (ys,—1,ws,) of length £ as in the figure
below
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-e
s1+2
0 1

[

Figure 4: The step A of stage s; of the construction.

At step A of s; we divide I,, into s; + 2 equal intervals and set z?l on
the first border (and the rest z;-cl, k < j; successively on the other borders
according to the construction). Notice that

o] _ S1 +1
|y31—1 - Zjl — 51 + 2 L
and so
S1 + 2 0
(7) = s14+ 1 |y51—1 ~ %5

Now during the stages up to s3, some zé?l (k < j1) may enter the black
area—but not z?l, by the choice of s;. At the beginning of stage s, the
black area is up to ys,_1 and suppose that z;-“l is the least term defined at
stage s; which now is not in the black area. The situation is pictured in the

following figure

T

e
7 i

I
k+1| [ys,_1 k k-1
“h 2 Zi “i

Figure b: The step A of stage sy of the construction.

Now w,, < zfl and 2?2 is going to be defined according to step A of the
construction in the interval (ys,—1,ws,) whose length is obviously < 51%
(the length according to the division done at stage s;) and so, according to

)
(7), < |ys15—117+12]1| In the same way one can see that for all n,

0 | Ysn—1 — z?n

Yspyi1—1 — 25
| n+1 In+1 Sy, _I_ 1

so that,

C |
0 0
|ysn+1—1 - Zjn+1| S |y51—1 - zjll Hl S + 1
1=
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But for all n, ys,,, 1 <z < z?nH, hence

|Z§)n+1 - $| S |Z§)n+1 - :E| —I_ |:Z: - y5n+1_1| = |y5n+1_1 - Z?n+1 |

Since lim,, s,, = oo it is lim,, z?n =z.
Now the case is left where A,: is co-finite. This means that for almost all
J there is s with y; > 27. This, together with fact 2.2 we stated earlier in

this proof, gives lim, y, = lim z°. O
We finish the proof with the following

Lemma 2.3. All requirements R; require attention finitely often and are
eventually satisfied.

Proof. We prove the lemma inductively. Suppose that it holds for all ¢ < #g
and to = (eo, %0, jo). In the following for any ¢ we suppose that ¢ = (e, 1, 7).
Choose the last stage s where some R, t < ty received attention. Then R,
is not going to be initialised after sg because, according to the construction,
this would mean that some R; with ¢ < ?, receives attention. Also, at the
end of sg, R;, was assigned a new witness, say z;,, with z;, > so. So z7,
is going to be defined at a stage s; > so and according to step A of the
construction it is

Jo
Ys; < Zre

and R} 1,R? 1. Now if @.(z4,) | at some later stage sy > s; (the other
case being trivial) then R%O will receive attention since it has the priority.
And the relevant action (see section 3.2.1) will be performed, so that

_ 0 | s 10 10 70
Ysy, = max{zj | 7 < s2A 2 > Ys,—1 N2 <z

Note that before zifio enters the black area (i.e. y; > zgto, if ever) all
subsequent (i.e. after s;) terms of 22° (that is z;? with k > s3) will appear
in (ys,,22,,). And since all Ry, t > t, are assigned new witnesses greater
than s, at stage s, all terms 22, for t > o will be in (y52,z§g). This means
that if some R; acts (after s3) before R} acts, then we will continue to have
Ys < zifio (i.e. zifio outside the black area).

Suppose that it is not the case that ®.,(A,:y; 4, ) = 0 with use < ¢, (z4,)
after s;. Then one of the following happens:

1. @ (Ao 2e,) T

2. &, (Aig;zsy) =1

3. @, (AL sy) | with use > @ (24, ).

In case 1 it is clear that R, is not going to require attention from now on
and it is trivially satisfied. Otherwise, suppose that the computation halts
at stage s3 > s;. In case 2 we note that zﬁflo will continue to stay out of
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the black area for the same reason that it stayed out during the interval of
stages between s; and s3 (i.e. because at stage sy we initialised all Ry, t > ¢
and so the new witnesses will force the respective terms to be defined in
(s, 2, ))- So for both of the last two cases it suffices to prove the following

Claim. In the last two cases the computation is going to be preserved in the
following stages.

Proof of claim. By this we mean that no number below the use of the
oracle A,i, in the computation is going to enter A, after stage s3. Indeed,
after the convergence at stage ss, all R;, ¢ > to will be initialised and
assigned witnesses greater than s3. So (according to lemma 2.1 and the fact
that all currently defined terms 2 at stage s have » < s) at any forthcoming
redefinition of y (say at stage s4, caused by some R:, t > tg) we will still
have ys, less than all terms existing (in the non-black area) at stage ss.
But the use of the computation ®. (A,io; s, ) | is less than s3. So at any
forthcoming stage s4, s, will be less than all non-black terms below the
use. In other words, no element below the use is going to enter A, (and
more generally U;A,:) after s3 and so the computation will be preserved
forever. O

Indeed, now in case 2 the dissagreement will be preserved and in case 3
we will have a computation which is (and will remain) not appropriately
bounded.

Now we left the case ®.,(A,i;; ¢, )[s3] = 0 with bound ¢.(z¢,) which is
the one where y is redefined for the sake of Rfo. In that case, according to
the construction, zy, enters A,; (in particular ys;, = z?to). It suffices to
prove the following

Claim. The computation will not be spoilt by such an action.

Proof of claim. By the action perfomed at stage sq, all terms zio with
20 < zfmfio lying in the non-black area after stage s;, have k& > s; and thus
k > @(4,). So (since 2% # 2z, for all k) all k£ which go into A, at stage
s3 are greater than the use of the computation and so the last is not spoilt.
(|

So at the end of stage s3 we will have the desirable dissagreement and
satisfaction of R;, which will be preserved in the later stages; the last is
because the computation will be preserved by the same argument we used
in the previous claim. O

3.5. Further remarks. Note that for the sequence {z"} we constructed
above, it is

Az‘n- g Azn-l-l

for all n. Also, by a modification of the definition of 2 (s = 0,...,s) at
stage s (namely we define them such that z0 < z! < .- < z%) we get
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Az‘n- 2 Azn-l-l
for all n. So we have

Corollary 1. There is a Turing degree which contains an infinite antichain
{degui( Dr)}nen of wit-degrees with

Dn C Dn—}—l
for all n. Stmilar result holds with D, D D,11 in place of D, C D,41.

4. A TrIVIAL DT.

In the last section we exhibited a c.e. real z whose approximation structure
is complicated; namely the distribution of the elements of D¥* in the Turing
degree of z is quite sparse. It is natural to look for the other extreme:
are there non-computable reals z such that DI is trivial (i.e. consisting
of a unique element)? Well, if r = wtt then the existence of contiguous
degrees, i.e. non-trivial Turing degrees which contain a unique wtt degree
(a well known result of classical computability theory, see [10]) implies the
existence of such reals (due to proposition 1). And this is a concrete example
of how the nature of the Turing degree of z is related to the approximation
structure of z. We will see however that this relation is not trivial. It is
also well known that every non-trivial c.e. Turing degree contains not only
infinitely many c.e, m-degrees, but also tt-degrees (again, see [10]). So the
structure of m-degrees inside a non-trivial Turing degree is quite rich; and
this makes a positive answer to the question whether there is a non-trivial
with DI trivial interesting. Before giving this answer, we would like to note
what makes this fact possible. The reason is that strong reducibilities on
the set S, give oracle computations with special features. A demonstration
of this fact is given in section 5 where we show that the positive and btt(1)
reducibilities both coincide with the m-reducibility on S;.

Theorem 3. There are non-computable c.e. reals ¢ with the property

}:>AZEmAw

lmz=limw ==z
A,, A, co-infinite

The proof is a finite injury priority argument with some special features
which we are going to discuss in the following.

4.1. Preliminaries. Assume an effective enumeration of the rationals in
the unit interval (0,1), say {w;}. Now define

€ _ .
w; = w(pe(l)

where {¢.} is a standard enumeration of all partial computable functions.
If w® = {w{}ien, then {w®}.cy is an enumeration of all partial computable
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rational sequences in the unit interval. In the following, anything we consider
on the real line (e.g. sequences, points etc.) are supposed to be in the unit
interval (unless otherwise indicated).

We will construct a c.e. real z = lim y with y a non-decreasing sequence
and a sequence z satisfying the following requirements

Q: lmz==¢z
P.: ¢.# A,
N7 : w® total = Ay <, A,
w® total
N limywé =z = A, <, Aye
A,e co-infinite

At stage s, ys, zs are defined. We need y non-decreasing in order to ensure
that z is c.e. and also in order to control the enumeration in the various c.e.
sets A,, for any partial sequence w in the unit interval. When we say that a
number g at a particular stage of the construction is ‘in the black area’ we
mean that it is y; > ¢ (this terminology is motivated by the illustrations,
e.g. figure 6). Also, R(e,s) = maz{r(i,s) : ¢ < e}; r(e) are the restraints we
impose on A, (with respect to the various negative requirements) and (e, s)
their approximation at stage s (lim, r(e,s) = 7(e), lim,; R(e,s) = R(e)). We
note that in many stages it will be r(e,s) > s. But we plan finite injury, so
that eventually r(e) = r(e,s) < s. In the following, sentences like ‘at stage
s, 7(e) is ... ’, any parameter considered (like 7(e)) is supposed to have its
current (s-) value. So 7(e, s) is sometimes referred to as r(e). It will be clear
from the context when r(e) means lim;7(e,s). The same applies for other
parameters in the construction.

We satisfy P, by choosing witnesses z. from the whole pool N but we also
keep priority on the witnesses; this means that at every stage s we have

(8) 1<j = =} <zj.
Finally we will arrange the construction so that

Fact 3.1. At stage s we define z;. If z, z; are not in the black area at stage
s then

kE<j = z; < z.

Intuitively this means that there is a tendency to define the terms of z
from right to left (i.e. succesively smaller). In contrast, the terms of y are
defined from left to right (see e.g. figure 6).

4.2. Strategies.
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4.2.1. The strategy for NJ. This is how to make A, of maximum z-m-degree.
This strategy is not difficult and it is easily compatible with other require-
ments: if wi[s] | and it is not in the black area (i.e. less than y,, see figure 6)
then in our considerations in defining z, we take into account w$: we define
zs < wf (for all © € N with w{[s] | which have appeared in the non-black
area). The situation is pictured in figure 6 where it is seen that we define
the current term z; to be less than all the w®-terms existing at the time.

Figure 6: The configuration at stage s from the point of view of N]: we
define z; in an interval (ys, ¢) which (currently) contains no terms of w*®.

It is clear that we can put all the N]-strategies together. Now the algo-
rithm for Aye <, A, (with the hypothesis that w® is total) is as follows: to
answer ‘4 € Aye 7’ we wait until a stage so such that wf[sg] | and suppose
that < is not already in A,.. We assume the following

Fact 3.2. At any stage s, ys = z; for some t < s.

Then, since no z; with ¢ > so will be greater than w{ (before the last
enters the black area), the only reason why at some stage s it might happen
that y; > w{ (i.e. ¢ € AS.) is because some term z; already existing at sg
and greater or equal to w{ enters the black area. So if z is the least such
z:, we have

1€ Aye <= tg € A,.

4.2.2. The basic strategy for P.. This is simply wait until ¢.(z.) | and if it
is 0 then put z. into A, (i.e. define y; > 2., ); otherwise keep z. out of A,.
Of course, when we choose a witness z., it must be z. ¢ A,. One way to
do this is: at stage s, choose z2 > s and set r(e,s) = z (since we want to
continue keeping z out of A, until, if ever, it enters A, under the action
of P.). So, according to (8), 7(e, s) is increasing in e and non-decreasing in
s. Later we will present a more detailed description of the variation of this
strategy we are going to use.

4.2.3. The strategy for N!. This is the most important strategy. Viewing
the construction from the point of view of N!, the idea is the following: for
a particular z; which is not (yet) in the black area we wait until some w;
appears with

Ys < wi < z;
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as in the figure below

Figure 7: Linking z; for the sake of N!

Then we create a virtual link between w{ and z; (called also e-link since
it is created for the sake of N!), in symbols (w¢, z;), which indicates that
(from the point of view of N!) both w$ and z; and any element (e.g. z)
of the construction appearing between these two should be treated as one
and unique point. By this we mean that if at some point we need to put
an element of the interval [w{, z;] into the black area, then every element
of the interval must enter the black area. Later we are going to involve a
different kind of links (the so-called back links) in the construction; to avoid
confusion, we call the kind of links we just described front links; and a link
is a front or back link. We note that in the following we identify a link (g, p)
with the open (unless otherwise indicated) interval of the real line between
¢ and p (so we may say that a real number ‘belongs to a link £’); the context
will specify the exact meaning of the word. Moreover, we write e.g. ({] for
the interval (g, p] (where £ is the link (g,p)) and if ¢ > y, at a stage s, we
say that the link is outside the black area.

For reference we give the following

Definition 3. If at a particular stage we have y; < w{ < z; then we say
that z; can be front e-linked.

By this strategy we can argue A, <,, A, roughly as follows: to answer
‘5 € A7 we wait until z; | and either z; enters the black area (forever!) or
an e-link (wf, z;) is created. In the last case the link will be present forever
and thus 7 € A, <= 7 € Aye. Of course we will have injuries but we plan
to have them finitely many, so that we can start the above procedure after
a stage beyond which we have no injury of the higher priority requirements.

It will help if we describe the construction intuitively before we state it
formally. As we said, at any stage s we have a black area in the unit interval
which is the area which the sequence y; has covered. The black area expands
in the course of stages and approaches z. Also, it is universal in its nature
i.e. it does not depend on the way we look at the construction. This means
that with respect to any negative requirement the black area is the same.
In the other direction we have

Definition 4. Suppose that we are at a particular stage s of the construc-
tion. We call v(e)-white area the (least) upper part of the unit interval which
contains all (currently defined) terms of z that are restrained by r(e); that
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is [zj,,1) where zj, is the least term z; with j <'s, j ¢ A, and j < r(e); by
fact 3.1, jo = maz{t :t < sAt ¢ A, Nt < r(e)}. Moreover, the e-white area
is the union of all r(7)-white areas for i < e.

Of course, if {t :t <sAt ¢ A, At <7(e)} =0, then we define the r(e)-
white area to be the empty interval (of reals). We notice that the 7(e)-white
area may expand during the stages, although r(e) remains constant (this is
because more terms z; with j < r(e) could be defined at later stages). But
in this case, after finitely many stages, it will reach the limit

[zr(e)v 1)
and will remain such unless r(e) changes or its current value enters A,.

Also, we will take care so that r(e,s) ¢ A,[s] at (the beginning of) every
stage s. So, it follows that

Fact 3.3. At every stage s and every e, if r(e,s) < s then the r(e)-white
area is [Z,(¢,s), 1)

Of course the black and the white area are subject to the particular stage
s of the construction. The white area is also dependent on the particular
‘priority level’ from which we view the construction (i.e. the number e).
More specifically, our priority list is the following:

(9) Py > 0-links > Ng > P; > 1-links > Ny > ...

where N, means N! (since we don’t have any restraints or positive action
for N7). A priority level is a number e and we say that we view the con-
struction from this level when we observe (in the flow of the stages) only the
development (actions and restraint modifications) of N;, P; for ¢ < e. In the
next section we will see how exactly links are involved in the priority list; in
particular, we emphasise that locally we have the following order

P, > e-links > N..

4.2.4. The restraints towards the links. Suppose that (g, p) is a link outside
the black area at some stage of the construction. Now the negative side of
this approach of creating links is that, since all elements in [g, p] are treated
as one, this happens also when we define the restraints. In particular, if
we install the e-link (g¢,p) at stage s + 1 and for some eg > e, p is in the
r(eg)-white area and the last does not cover the whole link (see figure 8)
then we put

r(eg, s + 1) = maz{t: q < z: < p}

(assuming that there are such t) and ‘initialise’ all P; for 7 > eg (see
definition 15) in order to make them respect the modified restraint.
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black area r(eg)-white area
(eo)
— |
|
5]

Figure 8: Modification of 7(eg) according to the present e-links with e < eg.

This means that in figure 8 we expand the r(eg)-white area up to the
smallest term z; lying on the link. This should happen more generally,
when we have a ‘chain of links’ instead of just one link, as in figure 9.

r(e)-white area

..... qé ’IJ—Q‘Q1 ’p—z‘

q0

Figure 9: A chain of links.

In order to be more precise, we give the following definitions.

Definition 5. A (finite) chain is a finite sequence of links (qo,P0),-- -,
(qn,pn) exzisting at a given stage s, which are currently not in the black
area (i.e. Vi < m, ¢, p; > ys) and such that ¢, < gn-1 < Pn < gn—2 <
Pn-1 < @n-3 < -+ <p2<qo < p1<po-

A chain looks as in the following figure

Figure 10: The chain of definition 5.

Note that in the above definition, not all links must be front links; in
other words links can be ‘back links’ (a kind of link we are going to define
later). Now the following definition makes precise how restraints ‘travel’
through links or chains of links.

Definition 6. Suppose that a link (g,p) exists at a certain stage s outside
the black area and for some eg,t it is r(eg) <t <'s, 2; € [¢,p) and z,(¢) < P
(see figure 8). Then we say that the restraint v(eg) can travel through the
link; when we say that we travel r(eq) through that link we mean that we put

(10) r(eg) = maz{t:q < z < p}
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Moreover r(e) can travel through a set of links S which lie outside the
black area, if it can travel through at least one of the links in §. When we
say that we travel r(e) through the set of links S we mean that we successively
travel r(e) through a sequence of links £o,{1,...,4, in S such that

1. 7(e) can travel through £y and for all © < n, after it has travelled £; it
can travel £;y1.

2. After the last trip through {,, r(e) cannot travel through any of the
links in S.

This sequence of links is called a path.

Lemma 3.1. If r(e) travels through a set of links S (at a stage s) then
the path used (say Lo, . ..,%,) forms a mazimal chain in S (i.e. VL € S, the
sequence Lo, . . ., Ly, L is not a chain). Moreover, if it travels through different
paths then the final value of r(e) will be the same.

Proof. Suppose that the path used (say {o, . .., £,) is not a chain. Then there
is a least 7p such that {g,...,%;, is a chain but {p,...,%;,+1 is not. Now by
definitions 6 and 5 it follows that after travelling through ¢;, r(e) could not
travel through /; 41, a contradiction.

Now if this path is not maximal as a chain, there would be alink /,,;; € S
such that £o,...,¢,+1 is a chain. But this would imply that r(e), after
travelling through ¢, _, can travel through another link of § (links in a chain
are distinct by definition) which contradicts definition 6.

Now suppose that when r(e) travels through the paths 4,...,¢, and
ho, ..., hm it yields different values (e.g. the value with the first is less than
the one with the second trip). The value of 7(e) after the first trip is

[r(e)]1 = maz{t: 2z € £,}

(where £, is considered as a closed interval here). Find the maximum
link of the second path (in the ordering hq,..., k) say (g,p), such that
P > Z[p(c),- We claim that there is z;, € [g,p) with z;, < Z[p(e)), - Indeed,
if not then r(e) would have not reason to travel the successor link of (g, p)
(according to the second trip). But since there is a link (g,p) € S with the
above properties, the first path is not a maximal chain! This contradicts the
first part of the above proposition. So we must have [r(e)]; = [r(e)];. O

By the above proposition when we state the construction we can say e.g.
‘travel 7(e) through the existing links’ (and the new value of 7(e) will be
uniquely determined).

The travelling of restraints we described in this section will prevent a link
from allowing a positive action to injure a higher priority restraint. Indeed,
suppose that P, with e; > e would like 2 in A, but N, with ey < e; would
like j out of A, (and the link (g, p) of figure 11 exists).
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4

Figure 11: The priority amongst P., links and N..

Er(eo)-white area]

According to the priority we set out in (9) we have:

Principle 1. The e-links are visible (taken into account) only by the re-
gquirements P;, N }c, witht > e and k > e. In particular, 7(eg) can only travel
e-links with e < eq. Similarly, when y is redefined for the sake of P; (see
definition 13), it can only ‘travel’ (see definition 13) e-links with e < t.

The link in the above case creates conflict amongst two requirements
which otherwise (i.e. if links where not involved in the construction) would
not exist. The link should definitely be taken into account when P., acts,
since it is visible from that requirement (see principle 1). But of course,
for priority reasons, the negative requirement N., should also be taken into
account by P.,. This means that in this case we decide not to act, thus
respecting the priority of the requirements as usual: that is why we define
(10); by this modification of the restraints, P., will be assigned new witness
and prevented from injuring higher priority requirements.

Now if we had e; < e in the situation described above, then the e-link is
not visible by P., and thus the last need not take it into account at all. In
this case 7 will enter A, as P., wants it but 7 will stay out of A,: so the
link (g,p) will be cancelled.

Definition 7. Suppose that during a particular stage s there is a link (g, p)
such that q is in the black area but p is not. Then we say that the link is
half-black.

We plan to cancel any half-black links at the very stage they appear:

Principle 2. If at some stage there is a link (q,p) with ¢ < z: < p and
z: enters the black area but p stays out of it, then the link is cancelled and
never considered in the following stages.

Note that all the above apply also for back-links, a kind of links we are
going to define later.

Finally, if it was e; > e and e; < eg then N, should be injured by P,
(as in a typical priority argument) and the link will be, as we say, travelled
(by vy, see definition 13) (i.e. all ¢ with 2; € [g,p] go into A,).

4.2.5. Problems with the restraints. Now one can see that creating arbitrar-
ily many links may cause a single restraint to go to infinity. A typical such
situation is when the chain in figure 9 is infinite.

Definition 8. An infinite chain is an infinite sequence of links (qo, Po),
(q1,P1),. .. created in the course of the construction, such that
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o the links never go into the black area.

o for all k, po > pri1 > Gk > Ph+2-
e none of the links is cancelled during the construction.

Here the vicious situation starts from a term pg (see figure 9) which hap-
pens to be in an r(e)-white area. Within a link of this term (go,po) there
is a term of z which causes the r(e)-white area (which represents the e-th
restraint for A,) to expand up to p;. Now the same happens with another
term of z and a py in an ep-link (g1,p1) and by creating links in such a
fashion indefinitely during the construction, we make the r(e)-white area
moving towards z without becoming eventually constant. This behaviour
of the restraint r(e,s) which now goes to infinity in the course of stages s,
may prevent a positive requirement from fulfilling its purpose.

4.2.6. Bounding the restraints. To prevent the situation lim;7(e,s) = oo
(arising from the existence of infinite chains travelled by a single restraint)
we will be more careful when we are installing links; namely, we will do that
only when we really need it.

Links only for terms outside the white area. We remark that

Principle 3. We need to e-link z; only when j ¢ A,[s| and j > R(e,s).

And this is because in the verification of A, <,, Aye (described above)
we can assume we know R(e) (i.e. the final value of R(e,s)) a prior: so that
when we are asked about ‘5 € 4,7’ with j < R(e) we will be able to answer
directly (7 isin A, only if it is there by the time R(e) takes its final value). In
other words, even if we have the above restriction in installing links, we can
still be sure that when we run the stages (after a stage where R(e) becomes
constant) we either find j enumerated in A, or j < R(e) (in which case if
it is out, it will stay out forever) or we find z; e-linked, in which case the
link will stay there forever, thus giving us the answer depending on a unique
term of we.

What we want is to ‘e-settle’ every term of z, for every e such that the
hypotheses of N! are satisfied; when we say that z; is e-settled at some stage,
we mean that one of the following cases is realized (e-linked means front or
back e-linked; back links are defined in the next section):

e z; has entered the black area.

e z; has entered the e-white area.

e z; is e-linked.
Back links. However we need one more trick on the production of links
in order to avoid restraints travelling indefinitely. The idea is that instead
of creating a front link for z;, we can alternatively create a so-called ‘back
link’ for it; that is simply link z; with a term w{ with w{ > z;. And if
we prefer back links rather than front ones in a chain travelled by r(e), the
restraint cannot travel indefinitely; this is because a restraint cannot travel
links which are situated in its own (white) area. In particular, we will prefer
to back e-link z; when we think that creating a front e-link instead, will



26 GEORGE BARMPALIAS

force some 7(t) for t > e to travel it; that is when z; is in the r(¢)-white
area for some t > e. Also, because we do not want to make higher priority
restraints to travel, we will require that w{ is not in the ¢t-white area.

Definition 9. We say that z; can be back e-linked at stage s when it is in
the r(t)-white area for some t > e and there are terms wf (wf | by stage s),
zy (v < s), not lying in the t-white area, with z; < wf < z,.

The reason why we involved z, in the above definition is not obvious; we
did this in order to realize fact 3.2 which was assumed when we sketched
why the strategy for N] works, in section 4.2. Namely, if y ever travels
that back link (say at stage s1), we will arrange that ys, = 2, instead of
merely y;, = w (see definitions 13, 14). Because we do not want to injure
requirements r(m) for m < ¢ by such an action, we require z, to be outside
of the t-white area. So we treat the elements in [z;, z,] as one, and thus we
rather say that we link z; with 2, (instead of w{) and the link is written as
(Zjv zy).

We are now able to argue that while enumerating the links in order to
answer ‘7 € A,?’, our search will halt giving an answer based on an m-query
to Aye. In fact, one of the following will happen:

(1) z; enters the black area
(2) z; is in the e-white area
(3) z; becomes front e-linked
(4) z; becomes back e-linked

In other words we will witness that z; has been e-settled according to the
following

Definition 10. We say that z; is e-settled at stage s when one of the fol-
lowing cases holds:

z; has entered the black area (z; < ys)

z; has entered the e-white area (z; > ys N j < R(e,s))
z; 15 front e-linked

z; 1s back e-linked

We say that it is ready to be e-settled when it can be front or back e-linked
at the current stage.

Definition 11. We say that z; is settled at stage s when it is e-settled for
every e. We say that it is ready to be settled when it is ready to be e-settled
for some e.

Note that we will have 7(e, s) increasing in e; so, for every stage s and
term z; there is a unique ¢ such that z; is in the r(¢)-white area but not in
the t-white area.

Definition 12. Suppose that z; is ready to be e-settled and it belongs to the
r(to)-white area but not in the to-white area. We say that we e-settle z;
when
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o if it can be back e-linked, we back e-link it with the least z, with z, >
wi > z; (for some wf), not lying in the t-white area.

o Otherwise we e-link it with the largest wi (with w{ < z; and not lying
in the black area) available.

We note that we will not succeed in settling all terms z;. What is needed
is to e-settle all z; just for the e such that the hypotheses of N! hold. If we
succeed this then we can give an m-oracle procedure to answer the question
‘€ A,7 with the help of A, as it was described above.

Why lim, r(e,s) < co. We make the following remarks

Remark 1. Consider a finite chain as in the following figure

es-link || ep-link || e;-link | |7(e)-white area

B 000 oo e |

Figure 12: Travelling of 7(e) in a single stage.

in a stage where z;, is out of the r(e)-white area and e; < e. We will
arrange the construction so that the following holds: if at a later stage s1,
z; enters the r(e)-white area (and none of the links in the chain is cancelled
by that stage), at this very stage the r(e)-white area will be forced to cover
all terms of z which lie on a link of the chain. So, when a link which belongs
in such a finite chain is travelled by a restraint v(e), then all the links in the
chain are travelled at the same time.

Remark 2. At any stage s only finitely many links are travelled by a re-
straint 7(e). This is because finitely many links exist at s.

Now we explain why lim; (e, s) < oo; if this is not true, there is a least
restraint r(e) which travels through an infinite chain of links during the
construction. There are infinitely many stages in which 7(e) travels front
links and at a single such stage it will travel a finite chain of links (according
to the above remarks). We can assume that this infinite chain is not in the
e-white area (since e is the least with lim,r(e,s) = oo). The situation is
pictured in the following figure

r(e)-white area

Figure 13: The role of back links.

By principle 3 we have that all the links of the infinite chain we consider
are ¢-links with ¢ < e. This means that after some stage there will be terms
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w;* in the 7(e)-white area but not in the e-white area, for all & (see figure 13).
And since we give priority to back linking for terms z; like the one pictured
above, we will stop issuing front eg-links for such terms (the requests for
er-linking will be satisfied with back ey-linking); and 7(e) cannot travel any
back eg-link created in its own white area (i.e. the 7(e)-white area). This is
a rough explanation why this chain cannot expand forever; a more detailed
proof of this fact is given in the verification.

4.2.7. More about P,. For the satisfaction of P, we act as usual: P, can
be in the state of ‘satisfied’ at a particular stage s (P.[s] |) or in that of
‘unsatisfied’ (P.[s] 7). We say that it requires attention at s when P.[s] T
and

(11) po(e)ls] 1= 0

As usual, the satisfaction of P, may be achieved by putting z. into A,.
This in turn is achieved by the definition of ys, i.e. by expanding the black
area. Because of the presence of links, this may take several steps which
we view as substages of the stage s. At each of these intermediate steps we
have an approximation y7 to ys; and after finitely many steps, this process
of generating y2,yl,... will come to an end, giving the value of y,. For
reference we give the following

Definition 13. We say that y? can travel through a (back or front) link
(¢,p) at a given stage s when ¢ < y < p. And yl travels through that link
when we have y?t! = p.

Definition 14. Lets write L for the set of the e-links which exist at stage
s (after the end of step B of the construction, see section 4.3). When we say
that P. receives attention at stage s + 1, we mean that the following action
is performed

1. Define
3/2+1 = Zzs
yoii = max{sup{|Imm <enle LAY € [0}

where in the expression sup £, £ is considered as an interval. After
some n, yr 1 T (since the set to which the max applies will be empty).

Now if g = ,ut[yzﬁ 1 ] define

%
Yst1 — ys(z}-l .

This is a formal way to say that, we first put y° 1 = 2z (thus
enumerating =5 into A, ) and then we travel successively y° _|_1,y§ 1
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through any m-links with m < e that can travel them 3, until we reach
some Y% which cannot travel through any ezisting link of this kind:
this is the value of ysi1.

2. Put P.[s+1]|.

Definition 15. To initialise the requirements P; fori > e (e > —1) at stage
s means to set

ozl =ptft>s+1At>e+1]and fori>e, i, = ptft > z7].

o r(t,8) =z fori>e.

o Ps] 1.

4.3. Construction.
Stage 0 Initialise all P., e > —1 and set yo = 0,29 = 0.9.
Stage s+1

step A Define z;41 to be in the middle of (ys, w) where
(12) w=min{w,z,1:t <sAe i€ NAw[s+1] | Aw,z > ys}

step B By Find the least j such that z; is not settled and is ready to be
settled. Then, find the least e, say eg, such that z; is not e-settled
and is ready to be e-settled; eg-settle z;.
B, Now we travel the least restraint 7(e) that can travel through the
existing ¢-links for ¢ < e. Also, initialise all F;, 7 > e.
step C Find the least P. (e < s) which requires attention and
C1 P, receives attention : y,41 is defined.
C; Initialise all P; for ¢ > e and put r(e,s + 1) = s+ 2.
C3 Cancel any half-black links.
Note the redefinition of r(e) at step Cj; this is done in order to realize
r(e,s) ¢ A,[s] which we promised just before stating fact 3.3.

4.4. Verification.

Lemma 3.2. If z;, z; are not in the black area at a particular stage s then

k<j = z; < 2.

Proof. 1t follows from the way we define z,,1 in step A of the construction
by induction on the stages. Indeed, suppose that it holds at (the end of)
stage s (it clearly holds at s = 0). The term 2,4, will be defined less than
all the existing terms of z which do not lie in the black area; so it holds after
step A of stage s+ 1. And if there were 2z, < z; with k£ < j in the non-black
area at the end of s+ 1 (i.e. greater than ys;1), then these two terms should
be already defined at the end of step A of the same stage; but we saw that

%for a Y441 there may be more than one ways (links) to travel it. In the formal definition
we choose the link which will make y?_l‘fll maximum; but it is easy to see that any other
choice would lead to the same definition of ys41.
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there are no such terms, a contradiction. So the lemma holds after stage
s+ 1 and thus the induction step is proved. O

Lemma 3.3. limy = lim 2

Proof. By induction, all terms of z belong in the unit interval. Also, ys takes
values of terms of z during the construction; so the terms of y also lie in the
unit interval and since y is non-decreasing and bounded, it is convergent,
say lim y = z. Now from the construction it follows that

Fact 3.4. If zo < z then there are only finitely many terms of z in (0, zo).

Claim. If there is z1 > @ such that infinitely many terms of z are in (z1,1)
then no term of z appears in (z,z1).

Proof of claim. Suppose otherwise and consider z < z;, < z;. Then
according to lemma 3.2, for all j > jo, 7 ¢ A, = 2; € (z,z1). This
contradicts our assumption. O

By the claim we proved, it suffices to prove that for every z; > z there
are terms z; € (z,z1). Suppose that A, is co-infinite. Let j; < j2 < ... be
an enumeration of the infinitely many elements of N— A, (by lemma 3.2 we
have z;, > z;, > ...). We will show lim;, z;, = z, thus finishing the proof.
From the construction it follows that if s, is the stage where z;, was defined
then s; < sy < ... (actually s, = j,) and

Zjn = Ys,—1 ‘I’ >\5n stn_l

where A;, is the minimum of 1 and all z;, w{ which have appeared by
the end of stage s, — 1 and are not yet in the black area (see (12) in the
construction). Clearly we havelimy = z > y,, and z;, > A for all n. So,

if

Sn41

a; = Zjl
a, — T

2
is a recursively defined sequence, then for all n

Gnt1 = =+

an 2> 2z

n

aQp > Apyi

So it is enough to prove that lim, a, = z. But this is not difficult to do
(we omit the proof).

Now the case is left where A, is co-finite. This means that for almost all
j there is s with y, > 2;. This, together with fact 3.4 we stated earlier in
this proof, gives lim y = lim z. O

Lemma 3.4. N are satisfied.
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Proof. Suppose that the hypotheses of N] hold. It is enough to prove
Aye <; A,. To answer ‘¢ € A,e?’ wait until a stage so with wf[so] |
and suppose that wf > ys, (otherwise we answer positively). By the con-
struction, every time y, is redefined, it is y; = 2z for some k < s. Also,

§> 80 = zs < Wi

as long as w{ stays out of the black area. This means that, if z;, =
man{z 1t < sg A 2z > wi} then

1€ Aye <= jo€ A,
Of course, if {z;: ¢t < sg Az > wi} =0 then i ¢ Aye. O

Lemma 3.5. If an e-link is cancelled at stage s then at the same stage some
P; with 1 < e receives attention.

Proof. Suppose that the link (g, p) is cancelled at s. From the construction
it follows that some P; receives attention at s and that (g, p) becomes half-
black during part C; of the stage s. So ¢ < ys < p. But y; = y? for some n
such that y7 cannot travel through any of the existing m-links with m < <.
Now if it was ¢ > e, the link (g, p) would be visible from P; and according
to definition 14, y7 would travel it. But this would mean that this link is
not half-black, a contradiction. O

Lemma 3.6. A term z; is settled at stage s (s > j) iff it is e-settled for
every e < j.

Proof. By definition 11 if z; is settled, then it is e-settled for all e < j.
So it remains to prove the converse. By induction on the stages of the
construction it follows that r(e, s) is non-decreasing in s for every e. Also,
by definition 15 and step 0 of the construction, we have Ve, r(e,0) > e. So,

VeVs[r(e,s) > e A R(e,s) > €]

This means that for all e > 7, 2z; is in the e-white area (if it is not in the
black one) and thus it is automatically e-settled due to definition 10. So if
it is e-settled for every e < j, then it is e-settled for all e, i.e. settled. O

Lemma 3.7. A requirement P, never injures a restraint with higher prior-
ity; i.e. if P. acts at s, no number m < R(e,s) enters A, at that stage.

Proof. Suppose that P,
m < R(eq, so) enters A,.

acts at sg (under step C; of the construction) and

Claim. r(e, s) is increasing in e at every s.

Proof of claim. This holds at stage 0 by definition 15. Suppose that it
holds at (some step of) stage s. At the next step, either all 7(e) remain the
same or some 7(e) increases under step By and all P;,% > e are initialised, or
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we just initialise all P;,7 > e under step C5. In any case the claim continues
to hold due to definition 15. O

So we have R(e,s) = r(e—1,s) and in particular R(eg,so) = 7(e0 — 1, S0)
and

(13) m < r(eg — 1, 80).
On the other hand we have
Claim. Ve,s, r(e,s) > =}

Proof of claim. At stage 0 it holds. If it holds at a particular step of a
stage, then in the next step either 7(e) increases via step By or all P;,71 >t
for some ¢ < e are initialised via step B, or C; (or both z., r(e) remain the
same). In any case, the claim continues to hold due to definition 15. O

Note that as long as P. T, if 7(e,s) > z at some stage, then r(e) has
travelled some links; so, by definition 6, it is 7(e,s) < s. This, along with
the last claim gives

z; <s=>r(e,s)<s
for all e,s. Now since P, acted at s, it must be 22?2 < s¢. So r(eg, s0) <
sg and in particular 7(eg — 1,0) < so; and because of (13) and lemma 3.2,
Zp(ep—1) < Zm. This means that by the action of P, 7(eo — 1) was also
enumerated in A,. Now by an induction on the stages (and substages) of
the construction one can prove that

Ve,s, z: > R(e,s).

So we have 3% > R(eo, so) and according to the above,

(14) Zpe, < Zr(ep—1) < zp
at sg.

Claim. At step C1 of the construction a chain {1, .. .4, of e-links with e < eg
was travelled by y.

Proof of claim. Suppose otherwise; then by construction, ys, = 2z.,. So,
by 14, m stays out of A, at sg; a contradiction. O

For the chain of the above claim, it is 2z, € [{,) and z,(¢,—1) € (&] for
some ¢ < n (the last because m goes into A, and (14)). Suppose that ¢ is
the maximum such that z,,_1) € (£;]. We have

Claim. At step B of so, 7(eq — 1) would travel {;.

Proof of claim. Suppose that ¢ = n. Then it follows from (14) and the
fact 2z,,2r(eo—1) € [€n] that 7(eq — 1) will travel £,. Now suppose that
i < n. Then, if ;41 = (¢,p), it is p € [£) and p < z,(¢,—1) (otherwise ¢
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would not be maximum such that z,.,_1) € (4]). And pis a term of z, so
that 7(eg — 1) will travel £,. O

As a result, P, would be initialised. This is a contradiction since the new
witness will not satisfy 2., € [£n). O

Lemma 3.8. For all e, lim,r(e,s) < oo and P. receives attention finitely
often; also, if . is total then P. is satisfied.

Proof. We prove this by induction on the priority list Py > Ng > P; > N; >
.... That the lemma is true for P, it is easy to see. Now suppose that the
lemma is true for all z < 2g; and choose the least stage sg after which no P,
with ¢ < 7y receives attention and no 7(z) changes its value. At s, P;, has
a current witness, say z;,. P;, is not going to be initialised under step B,
(after sg) because otherwise some r(e) with e < 75 would travel and change
its value. Also, it will not be initialised under C3, because otherwise some
P; with 7 < 1 receives attention. Now if P;, receives attention while it has
z;, as a witness (the last witness), then it is ¢;,(2;,) |= 0 and z;, will enter
A, (since it has the priority amongst the positive requirements) so P, is
satisfied for ever (P,, | and it never requires attention again). Otherwise,
suppose that ¢; (z;,) |= 1. Then z,, is restrained from A, with priority 1o,
and it is going to stay restrained. This is because the restraints r(e, s) are
non-decreasing in s; and since no F; with ¢ < ¢ is going to receive attention,
by lemma 3.7 we have that z;, will stay out and so P, is satisfied. The case
when @, (z;,) T is trivial.

To complete the proof it is enough to prove lim; r(%, s) < co. Choose a
stage s after which no P; with ¢ < 4 receives attention and all 7(z) for ¢ < g
have reached their limit. For a contradiction, suppose that lim; 7(%g, s) = oo
(it cannot be otherwise since (g, s) is non-decreasing in s). We claim that
step B; is performed infinitely many times for the sake of NV, ; indeed, if not,
then because of our assumptions about sy, 7(%9) would not change afterwards
(since step C; would not be performed for P; with ¢ < 7g), a contradiction. It
follows that there is an infinite chain of links (see definition 8) such that (%)
travels through it at infinitely many stages. By construction we have that
all links occurring in the chain are e-links for e < ig which never enter the
black area. Indeed, when they were travelled by 7(¢) they were outside the
black area; and later they were in the 7(%g)-white area and thus protected
with priority ¢g. So, since no P; with ¢ < 49 is going to act, they will never
get injured (i.e. cancelled) or enter the black area.

So there is a finite set B which consists of all e such that infinitely many
e-links occur in the infinite chain. Choose a stage s; > s; beyond which
7(4g) travels only e-links with e € B and it has already travelled e-links for
every e € B since stage s;. At some s3 > sg, 7(%) is going to travel again a
finite chain and at the last link of this chain it will stop because of the lack
of a suitable link (only finitely many links exist at a particular stage). Note
the following

Fact 3.5. It is 7(i0) ¢ A.; so the 7(10)-white area is [2,(;), 1)
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In case P;, acted after sg, this follows from the second action in step C,
of the construction; also because, since 7(e) has started travelling and is not
going to be initialised in later stages, it is 7(e,s) < s for all s > s;. By the
next (i.e. after s3) stage where r(%g) is travelling again, a suitable link will
have appeared; this is an e-link £ with z,(;) € (4.

Claim. This link cannot be back e-link.

Proof of claim. Suppose otherwise. When 7(ig) stopped travelling at
stage s3, £ did not exist. And such back link cannot be created in later
stages by definition 9. Indeed, £ would have appeared for the back e-linking
of some z; which is situated in the r(¢)-white area for some ¢ > 4. But then,
by definition 9, (£] does not intersect the ¢-white area and so the 7(ig)-white
area (which is contained in the former). So z,(;,) ¢ (£], a contradiction. O

So £ is a front link. Now we claim that such a link should not appear,
arriving thus to a contradiction; indeed, when some z; > z,(;,) asked for
e-linking, according to the construction we first look whether we can create
a back link (w.l.o.g. suppose that z; is not in the ¢o-white area). If this is
not possible, i.e. there is no w¢, z, with z; < wf < z, < z; (where [2;,1) is
the io-white area) then by the choice of s; there must be a term w{ with
Zn(ip) < w§ < z; (otherwise 7(i) would not have travelled an e-link after
stage s1, a contradiction). So, since we front e-link z; with the least w;
available, such a link should not appear, a contradiction. O

Lemma 3.9. For every j € N and e such that x = lim w® and Aye s co-
infinite, there is a stage so in which z; is settled and any links (q, z;), (2;,p)
(e € N) are never cancelled (so it remains settled in later stages).

Proof. Suppose not. Then there is a least jo for which the lemma does not
hold. Choose a stage sg after which, for all 7 < jg, P; does not receive
attention, r(¢) has reached its limit, and every z; with 7 < jo which is to
be settled, has already been settled. After this stage no 5 < 7o will receive
attention under step B; of the construction. Given 7, choose eg to be the
least e such that the lemma does not hold for jg, eq. Also, choose a stage
s1 > sg such that for every © < eg, if zj, is to be i-settled, it is already so.
Then, after that stage, z;, will not receive attention for ¢-linking with ¢ < eg.

Now by the hypothesis that z;, does not satisfy the lemma, we have that
j ¢ A, and that there are arbitrarily close terms of w® to z from the right.
This means that at some stage after s;, z;, will be ready to be ep-settled
(if it has not done so far) and it will be eg-settled immediately since it has
the priority; and the link by which it is settled will never be cancelled (by
lemma 3.5 and the assumption that no P; with ¢ < jo receives attention).
This is a contradiction. O

Lemma 3.10. N! are satisfied.

Proof. Suppose that lim w® = z and A, co-infinite. Choose a stage s after
which no P; with ¢ < e acts. To answer ‘5 € A,?’ look for a stage s > sg
such that
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(1) it has entered the black area; or
(2) it has entered the e-white area; or
(3) z; is front e-linked with some w§.
(4) z; is back e-linked with some z, (z; < wf < z, for some wf).
From lemma 3.9 it follows that we will find such a stage. In case (1)
answer j € A, and in (2) negatively. In case (3) say that

JEA, < 1€ Age.

This is true; indeed, since w{ < z; (as we have a front link), we have
7 € A, = 1 € Aye. For the other direction we note that this link is not
going to be cancelled (by our assumptions about s and lemma 3.5). So,
if ¢ enters A,e at some later stage, this will be due to a movement of y
motivated by some P; for £ > e; this means that the link will be visible from
P; and y will follow it, thus pushing j into A,.

A similar argument (but with z; in place of w{ and vice-versa) shows that
in case (4) we also have j € A, <= i € Aye. O

5. STRONG REDUCIBILITIES ON ;.

In this section we demonstrate that strong reducibilities lose some of their
generality when restricted to the class of z-sets S;. In other words the oracle
computations are of more special nature, a fact which (as we noted before)
allowed us to prove the strong result in section 4 (theorem 3) which is not
true in the general case (i.e. the whole structure of m-degrees inside a Turing
degree). In particular we show that the positive and btt(1) (or mx* as we
call it, see definition 16 or [9]) coincide with the m-reducibility.

The m-reducibility consists of one positive query. We remind the reader
of btt(1) reducibility, which consists of either one positive or one negative
query, and which we prefer to call ‘m« reducibility’ (see [9] for more on that).
Formally,

Definition 16. For any two sets A, B we say that A <,,. B (via f, g)
when there are computable functions f, g such that for all n,

f(n)€ B ifg(n)=0
ned — { f(n) ¢ B otherwise.

Proposition 2. If z is non-computable then <,..[ Sz =<,.[ S; and in
particular, for every two sequences z, w with lim z = limw = z and A, <«
Ay, via f, g, g(n) = 0 for almost all n. In other words the mx-reduction is
actually an m-reduction with finitely exceptions (i.e. negative queries).

Proof. Suppose that for the A,, A, above, A, <,,. A, and g(n) > 0 for
infinitely many n. We will prove that z is computable. Indeed, we can
effectively find the zeros of g, so that there is an increasing function h such
that for all n, g(h(n)) > 0. But then we have
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h(n) € A, <= f(h(n)) ¢ Ay

So for every n, zj(n), Wh(n) are not on the same side of z. And since h is
increasing, these are subsequences of z, w with the property

lim [ 2(n) — Wh(n)| = 0

and for all n,

z € (min{zp(n), Wh(n)}, max{zp(n), Wh(n)})-

But this means that z is computable, a contradiction. O

We remind that positive reducibility <, is like #¢ but we don’t allow
negative queries (formally, the p-formulas are constructed from the atoms
via {A, V} instead of {—, A, V}; for more details see [9]).

Proposition 3. Suppose that ¢ = limz =limw. If A, <, A, then A, <,,
A,,. Moreover, the second reduction is obtained effectively from the first one

(given w).

Proof. Suppose that {0, }nen is an effective enumeration of the positive (p-)
conditions (i.e. the propositional formulas built from the atoms m € X by
applying V, A inductively, using the standard syntactical rules). For the
proof of the proposition it is enough to define an algorithm g which takes
a number n and (the program for) a computable sequence of rationals w as
inputs, and outputs a number g(n,w) such that

(15) op F Ay, = g(n,w) € A,.

Indeed, having defined such an effective procedure, suppose that we are
given a p-reduction 4, <, A,, via a computable function f, i.e.

neAi <— Uf(n)':Aw-

Then for every n we have

Oin) F Ay = g(f(n),w)€ Ay

which gives

ned, < g(f(n),w)e A,

i.e. an m-reduction (which we got effectively from f and w).
We define the program g by induction on the length* of the p-conditions.

*The length £ of a p-condition is defined by induction as usual: if o, is an atom then
£(n) =0; and if 0, is o0& V 0 or ok A o, then £(n) = max{€(k), £(s)} + 1.
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For all » and computable sequences of rationals w we define g(n,w) as
follows;
1. If {(n) = 0 then o, is an atom, say ‘¢ € X’ (where ¢ is a number we
get effectively from n). For all w define g(n,w) = t.
2. Suppose m > 0 and g¢(t,w) | for all w and ¢ with £(t) < m. If {(n) =
m for some formula o,, then o, is o V o5 or o A o, for k,s with

£(k),£(s) < m. In the first case define

_ g(k”w) if ’wg(k,w) S wg(s,’w)
g(n,w) = { g(s,w) otherwise

and in the second case define

_ 9(s,w) i wyr )y < Wo(sw)
g(naw)_{ g(k’w) otherwise.

To finish the proof, we prove by induction that (15) holds for all n,w. If
{(n) = 0 it is obvious. If £{(n) > 0 and for all oy with £(t) < £(n) it holds
then two can happen;

1. If 0, = o1 V 0, then £(k),£(s) < £(n) and by induction hypothesis

orF A, <<= g(kw)e A,
osFA, <= g(s,w)e A,
for all w. But

onFA, < orFA,Vo,FA, < glk,w)e A, Vyg(s,w)€ A4,

for all w. And if for a particular w, wy(kw) < Wy(s,w) then

g(k,w) € Ay V g(s,w) € Ay <= g(k,w) € Ay

(by definition of A,) which means that (15) holds for this w (by
definition of g). Also if wy(kw) > We(sw),

g(k,w) € Ay Vg(s,w) € Ay = g(s,w) € Ay

which means again that (15) is correct for this w.
2. If 0, = 0 A 0, then £(k),£(s) < £(n) and by induction hypothesis

orF A, <<= g(kw)e A,
osFA, <= g(s,w)e A,
for all w. But

onFAy < orFA,NosF A, <= g(k,w) € A, Ng(s,w) € Ay.
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And if wyp) < w ) then

g(s,w

g(k,w) € Ay Ng(s,w) € Ay = g(s,w) € Ay

(by definition of A,,) which means that (15) holds for this w (by

definition of g). Also if Wy ) > Wy(sw)s

g(k,w) € Ay Ng(s,w) € Ay <= g(k,w) € Ay
which means again that (15) is correct.

Soin any case (15) holds for » and all w, and the induction step is proved.

O

6. IMMUNITY PROPERTIES.

In this section we look at the immunity of the sets A, given a c.a. real z
and sequences z with limit z. As we explained in the introduction, one may
think that the more immune the set A, (or its complement) is, the more
complicated the real z is (one can prove that the immunity of such a set does
not depend on the choice of z); this is because, in a way, the more immune
e.g. the set A, is, the more difficult is to make correct ‘guesses’ about terms
of z which are on the left of z (so, rationals in the left Dedekind cut of z).
However we show that not only the immunity of A, is independent of z,
but it is in a sense independent of z itself! In particular, assuming that z is
not computable, A, cannot be (co-)hh-immune but it is always bi-h-immune
or (co-)h-simple (the later when z is semi-computable). So we always have
h-immunity and hh-immunity never occurs.

6.1. Hyperimmunity. Suppose that lim z = # for a computable sequence
of rationals z = {z;}.

Proposition 4. If z = lim z is not c.e. then A, is h-immune and if it is
not co-c.e., then B, is h-immune. So, if  is not semi-computable, A,, B,
are bi-immune. Also, if it is c.e. (co-c.e. resp.) non-computable then A,
(B, resp.) is hypersimple.

Proof. Suppose that z is not c.e. and A, was not h-immune. Then there

exists a disjoint strong array D, such that for every n,

Dgn) N Az # 0

Now consider the sequence

Ys = min{z, | n € Dy}

which is a computable sequence of rationals with the property for all s,
ys < z. Indeed, if that was not the case for some s, this would mean that
DysyNA4, = (. Moreover, since the array Dy (n) is disjoint and lim z = z, it
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follows that limy = . But this is a contradiction since we assumed that z
is not c.e. So A, is in fact h-immune. The case of z co-c.e. can be treated
by a dual proof and the rest of the statements in the proposition follow
easily. O

After we sorting out h-immunity we would like to look at hh-immunity
(and in particular prove that it never occurs). This is more difficult, and we
consider separately the cases when z is semi-computable or not.

6.2. Non semi-computable reals and hh-immunity.

Theorem 4. If z is not semi-computable and z = {z;} is a computable
sequence of rationals with lim z = z, then A,, B, are not hh-immune.

Proof. Given a set A, define a tree I(A) : ¥* — P(A) (where P(A) is the
powerset of A and ¥ = {0,1}). For all w € ¥* define

I(A) = 4
Io(4) = I,(24)
Li(4) = I,(24+1)

In this way we split A into the nodes of a tree (which represent subsets
of A) such that, if two nodes I,,,(A), I,,,(A) lie in different branches (that
is wy | wy i.e. they are incomparable w.r.t. the lexicographical ordering of
binary strings) then I, (A) N I,,(A) = 0. We will only need the tree I(N)
which we are going to write simply as I in the following. It is easy to
see that all nodes of this tree are infinite subsets of N. Now we define a
suitable disjoint weak array Wy, (n € N) which indicates that A, is not
hh-immune. The computable function g is implicitly defined in the following.
The enumeration of Wy(,) (for a particular n) is associated with the node
Iing of the tree I. In particular, it is defined as follows: start enumerating all
s € Iing (for successively larger s) and when you come across an sg such that
s, 1s smaller that all z; for the s enumerated so far (that is, for all s € I1ng
with s < sg), enumerate sg into Wy(n); continue in the same way. Since each
node I1ng is a c.e. set and z is not semi-computable, it is impossible to have
I1ing C A, or I1ng C B,. So, in our enumeration we will find some terms z;
lying on the left of 2 and some lying on the right of z. So, since limz = z
we have that for all n, Wy, is finite and the last element s enumerated in
it, is in As. So

Wg(n) NA, 75 0
Finally, the array Wy, is also disjoint since for all n, W,y C I1ng and

n#mi1n0|1m0:>11n0ﬂ11m02®

Now the array W(,) with all the above properties witnesses that A, is
not hh-immune. The case for B, is dual. O
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Remark 3. One other question is for which c.e. reals x = lim z the set A,
is promptly simple. If the degree of © is not promptly simple, then obviously
there is no (computable) sequence z with limit * and A, promptly simple.
Also, it is easy to construct reals ¢ = lim z such that A, is promptly simple.
The requirements for a basic such construction are:

Qe: W. infinite= Jzds © € We, o+ s N A[S]
P, : A, # .

and they are satisfied as in a usual finite injury construction (we have
restraints for the requirements P.). Note that instead of requiring N— A, to
be infinite, we require A, to be non-computable, which here amounts to the
same thing. The requirements Q). are easily compatible with a large range of
other requirements. Also, in a construction where non-computability of A,
is guaranteed by other requirements, P, may be omitted.

6.3. Semi-computable reals and hh-immunity. According to the above,
if z is not semi-computable, both A,, B, are h-immune and not hh-immune.
On the other hand, if z is c.e. non-computable, A, is h-simple (if not co-
finite); a dual result holds for co-c.e. reals. A natural question is whether
A, or B, can be hh-immune for semi-computable reals (note that the proof
for the case of non semi-computable z cannot be adapted for this case). We
prove not only a negative answer to this, but also that A, or B, cannot be
even finitely strongly h-immune (fsh-immune for short). Before presenting
the result, we remind the definition of fsh-immunity.

Definition 17 (Soare[13]). A set D is finitely strongly h-immune if (it is
infinite and) there is no disjoint weak finite array W(n) (g computable,
Wy(n) finite for alln, and n #m = Won) " Wy(m) = 0 ) all of its members
intersecting it and D C U;Wy(;) . In other words, if Wy, is such an array
then In[Wy(,y N D = 0]. D is finitely strongly h-simple (fsh-simple) if it is
c.e. and N — D 1is fsh-immune.

Theorem 5. If z is c.e. then A, is not fsh-simple for any computable se-
quence of rationals z = {z,} with lim z = z.

And according to the previous discussion we have

Corollary 2. If z = lim z for z = {z;} computable sequence of rationals,
then A,, B, are not hh-immune.

Note that a dual version of theorem 5 holds for co-c.e. reals (by similar
proof).

6.4. Proof of theorem 5. The proof is a kind of finite injury construction
and is presented in the following sections. Suppose z = lim z where z is a
non-computable c.e. real and A, is infinite and co-infinite (the other case
being trivial). W.l.o.g. we also assume that z, € (0,1) for all n; {z,} is an
increasing sequence with limit z.
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6.4.1. About the construction. We want to define a weak array W(;) which
shows that B, is not fsh-immune. The idea is to try to install a sequence of
markers y; and witnesses w; = 2;, on the right hand side of z so that the

following holds:

<< w <Y1 <wo < Yo
ikEWg(k)

where ¢ indicates a uniform enumeration of the (indices of the) terms
of z into separate ‘boxes’ Wy (and is defined implicitly during the con-
struction). We can have the weak array Wy(x) disjoint by ensuring that
any element enumerated in Wy,) at a particular stage has not been enu-
merated in any W(;) during the earlier stages. Beyond some point, only
numbers n with y,41 < 2z, < y; will be enumerated in Wg(i) and so we
will have [W(;)| < oo for all 7 (since lim z = z); this also helps to succeed
UtENWg(t) D B,. Moreover, the witness wy will ensure that Wg(k) NB,#0
(since iy, € Wy N B,). That N— B, = A, is c.e. it is easy to see.

The difficulty is that since we assume that  is not computable (this case
is trivial) it is not easy to find which terms of {z;} lie on the right of z.
Also it is not easy to find rationals close to but greater than z. So we have
to approximate y; and w; by making guesses y7, w;. After finitely many
guesses, we will have a suitable y; (and w;) and the construction will not
change it later. So we will have lim, ¥ = y;,lim; w{ = w; and the limits are
finite (in the sense that after some point the sequence becomes constant).
Some of the y?’s may lie on the left of z (we say that the guess is false) in
which case the false guess will be recovered (at some later stage s1) by a fixed
(increasing) sequence {z;} which tends to z from the left (i.e. z;, > ¥7). In
this case we say that y’ (or v;) is injured (at stage s1). And according to
the construction we leave it undefined; in symbols yf‘H 7. Now we make w;
dependent on y;.

Definition 18. Define
w; =maz{z; 1t <sAz <y ANt ¢ U{Wy) 507 < 8,5 #4}})
If y? 1 then w? 1 and maz{0} 1.

Note that the s in W(;), denotes the enumeration into Wy(;)’s defined
in the construction and not a general enumeration of all c.e. sets. So t ¢
U{Wg(j),s :J < 8,7 # 1} means that ¢ has not been enumerated in any of
Wy(;) for j < s,j # 1 by the s-th stage of the construction.

During the construction, if y; T then this term ‘wants to be defined’ or,
as we say, it requires attention. More generally

Definition 19. At any stage s + 1 we say that y., requires attention if one
of the following holds

ey T
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* Yl and zs11 2y,

Note that the second clause means that while y. was defined, at stage
s+ 1 it is injured, i.e. it is found to be a false guess (and thus it must
be corrected). We say that y; receives attention at stage s if action is
being taken at the particular stage for its (re)definition (and this happens
according to its priority). Unfortunately, in general we will not be able to
(re)define it at once, and it may take several stages. So at the particular
stage we start taking action for its (re)definition. In order to indicate this
(so that later we know that we have started the (re)definition and continue
and finish this procedure) we associate with y; a parameter 7. This is
undefined (o] T) when action is not being taken for the satisfaction of y;;
and when action is actually being taken, we store in o] a value relevant
to the last stage of its (re)definition which will enable us to continue and
eventually finish the procedure. Of course, the (re)definition of y7 may be
interrupted by an injury of a y; with higher priority (i.e. j < 7). In this case
we start from zero at a later stage. Finally, when an injury occurs, say vy; is
injured, we initialize all y; for j > ¢. This means that we set y{ 1,07 T for
all j > 7 (s is the current stage).

6.4.2. Construction.
Stage 0.
Initialize all ;.
Stage s + 1.
step A Satisfy the following

4,7 <s+1; yhy !l
Y5 <z <y = J € Wy(s),s41 (enumerate j into Wy(,))
7 ¢ Utcst1 Wy,

step B Choose the least y; with ¢ < s + 1 which requires attention.
~ case 1: y? T (soy; T for 7 > %) and o] T (i.e. action is not being
taken for the redefinition of y#). If w*! 1 do nothing. Otherwise

start taking action for y;: Check whether .1 + 541_1 < wffll If it
is, then define

1 .
Y = Tsy T s Y

If not, put yf“ T and af“ =541 + s,-|+1
~» case 2: y7 | and it is injured at stage s + 1, i.e. 541 > y7. First
we initialize all y; with 7 > 1. If y7 =z, + we try whether

1
zs, + si—:-lk < wfj'l. If yes, then put

_t
51-|—k’

. t41
y¢+1 =T +

. 5+l
i E T



APPROXIMATION STRUCTURE OF A REAL NUMBER 43

If not, then put yf"'l 1 and Uf+1 =z, + si—l:ylk'

~ case 3: y? T and of | (i.e. y’ is undefined but action is being
taken for its (re)definition). of will have the form z,, + £. We try

whether z,, + ﬁ < wfj'll If yes, then define

t
+1 _
v S eat g
If not, then put yf“ T, Uf—l_l =Z5 + ﬁ

6.4.3. Verification. The first step is to prove that for all < the following limits
exist

lim w} = w;; lim g7 = g;; limoy =1

and

(16) < <Y < Wiy < Yo < o< Wo < Yo

We will prove this by induction. Since it is y§ = yo for all s, its enough
to prove the induction step described bellow. Our hypothesis is that for all
s > sg and ¢ < n (for some fixed sg,n) we have

wi = wi; ¥ = Y5 0f =1
T < W1 < Yp—1 << Wo < Yo

and we want to find s; > sg such that for all s > s;

Wy = Wn; Yp = Yn; Op =T
T < Wy < Yp < -0 < Wo < Yo

The proof for y,.
case 1 y° T; 0,0 T.
According to the construction, y,, receives attention at stage s + 1 (it
has the highest priority). So we check whether z,,41 + ﬁ < Wp_1.-

1A. If true, then we define y2o*! =z, 41 + ﬁ

1A;. If y2°™! > z then for all s > sg, ¥ 1! = 45 = y,.

1A,. If the guess is false and y°™! < z, at some stage s > so + 1
the false guess will be recovered, i.e. we will have z, > ysot1,
At that stage (according to the construction) a sequence of
corrections will follow of the form

3

Tong + —0 .
sot so + k3’

2
Togt1 + ——
sot so+ k2’

t
so+m

where k; = pm| < Wp_1].
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Claim. This sequence of corrections cannot be infinite and

there will be t, sy such thatV s > s1 [yp! = Tsy41+ SO# =]

Proof of claim Suppose not. We know that z < w,_; and
Tso41 < T < Wp_1, so there are ¢,¢; such that z < z,,41 +
SO‘t}‘tl < wWp—1 which implies z < z4,41 + SO# < Wp_1. S0
after trying y;! = 5,41 + 50# we will have lim;y;, = ;!

(finite limit) which contradicts our hypothesis. O
1B. If false, as above, a sequence of corrections will follow of the form

Tso41 + Soﬁ,t =1,2,... which must come to an end, so it stops
¢ : ¢
at some z5,11 + 50+0kt0 . We have lim; yJ = yp = T541 + 50+0kt0 .

case 2 y> T; 0.0 |.
The case is similar to 1B above and lim; y;, exists and is less than w;_;.
case 3 y° | (so o T)and it is injured at stage so (or at a later stage). Then,
in the same way as in 14, above, 3lim;y, < w;_;. Of course if it is

not injured later, the same result is obvious.

The proof for w,. The crucial point is to prove 3lim; w) = w,. Suppose
that V s > s1 y2' = v, (s1 is the least such). Then according to the
construction yff_jil 1 and it remains so all the time (i.e. stages s > s;) that
w, 1 (and of course y; T for ¢ > n,s > s; such that w} 7).

First we notice that w; will be defined at some stage s > s; because
infinitely many terms z; will appear at subsequent stages in a close area of

z, which have not been enumerated in any W,.

if wS > z then wi < y, and Flim; w! since there are finitely many z;’s between
wy and z (and wg is non-decreasing on s).

if ws < = then we will show that at some point w$ will be redefined to wi > z.
Indeed, if not, at the stages s > s; such that y;,, | we have y5,, <
w;, < ¢ < y, and so no z (¢ > s1) with ¢ < 2z < y) appears in
such intervals (i.e. if 53 < 7 < s3 and Vs [s2 < s < 83 = ¥y, ]
then z; ¢ (z,v;) for any s € (s2,s3)). And at intervals (s4, s5) such
that Vs € (s4,55) yy4q T we have z, ¢ (z,y,) because otherwise w,,
would be redefined to an element > z. So by induction it follows that
Vs > s1 z; < ¢ which contradicts our hypothesis that 3%°s z; > z. So
eventually for some s > s; we have y, > w, > z.

And from that point w? will be non-decreasing, and so the sequence {w? };
will become eventually constant, reaching a final w,, < y, (since lim z = z).
The rest of the verification. Finally from the construction it is easy to
see that ¢ # j = W\ NW(;) = 0 and Vi [W(;)| < oo (the last because after
Y, Yi41 are fixed, only finitely many terms of {z;} can appear in (y;y1,%:)
). It is also clear that w; € Wg(j) and Jlim, o} =T. Finally UiENWg(i) OB,
since lim, ys = ¢ (due to the convergence of {z,} and (16)) and for any <,
after y;,y;41 are fixed, all terms of {z;} that will appear in (y;41,¥;) will
have their indices in W(;).
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