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ABSTRACT. Say that Y has the strong random anticupping property if
there is a set A such that for every Martin-Lof random set R
Y<rA®R=Y <rR

(in this case A is an anticupping witness for Y). Nies has shown that
every random AJ set has the strong random anticupping property via
a promptly simple anticupping witness. We show that every AJ set has
the random anticupping property via a promptly simple anticupping
witness. Moreover, we prove the following stronger statement: for every
noncomputable Y <t )/ there exists a promptly simple A such that
Y<rA®R=A<rR

for all Martin-Lof random sets R.

1. INTRODUCTION

In classical computability theory of c.e. sets and degrees we say that a c.e.
set Y has the anticupping property via an anticupping witness A <p Y if for
all B<r Y, A® B #r Y (see [10]). If the condition B <7 Y is replaced by
B *71 Y we get the strong anticupping property and witness; these notions
extend naturally to the c.e. degrees. Cooper and Yates (unpublished notes
of Cooper from the 1970s) showed that 0’ has the anticupping property.
Then Harrington followed with a proof that every high c.e. degree has the
strong anticupping property with a high strong anticupping witness. Finally
Ladner and Sasso [9] showed that below any non-computable c.e. degree
there is a non-computable lowy predecessor with the anticupping property.
In the following we discuss a randomized version of anticupping in the A9
degrees. Kucera was probably the first to ask about cupping below 0’ with
random degrees and Nies [13] gave the first results. The general question of
which Ag degrees can be cupped to 0’ by random Ag degrees also appears
in [11] where the following terminology is used.

Definition 1. ([11]) A set A is weakly ML-cuppable if A& Z > O for some
Martin-Lof random set Z 7 V. Also, A is ML-cuppable if one can choose
Z <7 0.
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In accordance with the terminology in the classical case, and since this
notion was not defined explicitly in [13] we adopt the following definition.

Definition 2. We say that Y has the strong random anticupping property
if there is a set A such that for every Martin-Lof random set R

YSTAEBR?YSTR.

In this case we say that A is a (randomized) strong anticupping witness for
Y.

We prefer not to use the term ‘random anticupping witness’ in order
to avoid confusion, since such a witness is not necessarily (and in fact it
cannot be, see [13]) Martin-Lo6f random. Note that A is a randomized strong
anticupping witness for (' iff it is not weakly ML-cuppable. For a discussion
on questions related to cupping with random reals we refer to [8]. Nies’
main result in [13] was the following theorem.

Theorem 1. (Nies [13]) Every random AY set has the strong random an-
ticupping property and a promptly simple anticupping witness.

We present the following generalization of Nies’ non-cupping result.

Theorem 2. Every AY set has the strong random anticupping property via
a promptly simple anticupping witness. That is, for every AY set Y there is
a promptly simple set A such that

for every random set R.

Let K(x) be the prefix-free complexity of the string z. That is, K(x)
is the length of the shortest string which produces = via a fixed universal
prefix-free machine. A set A C N is K -trivial if (up to a constant) the initial
segments of A have minimum complexity. That is,

(vn) K(A [ n) < K(n) + O(1)

(where we suitably identify numbers with strings). Note that this notion is
opposite to 1-randomness (randomness from now on) since A is random iff
there is a constant ¢ such that

(Vn) K(AIn)>n—c

that is, the initial segments of A have nearly maximal complexity. The class
K of K-trivial sets is known to be equal to the class of low for random sets;
that is, those sets A for which A-randomness (i.e. randomness relativized in
a standard way to oracle A) coincides with (oracle-free) randomness. For
background on algorithmic randomness we refer to [2, 3, 12].

Note that the proof below is just a cost-management construction, much
like a direct construction of a K-trivial or a low for random set. However
our cost function cost is somewhat different from the cost functions used for
the construction of K-trivials or low for random sets (see [7, 12, 3]). The
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reader should notice that the cost functions used in the proof of theorem 2
are essentially the following

Cr(n,s) = pfo | Iu,t < s(TA =v)[t] AvC Y A (A=A [uAn<u)}

where T is a Turing functional, Y is a non-computable AY set (with a role
as in definition 2), A is the set being constructed, u is the use of the com-
putation mentioned and g is the Lebesgue measure. The difference is that,
although they still have (at least when I is a typical functional, in the sense
of lemma 1) the vital property
(1) liﬁn sup cost(n,s) =0

S
which allows us to get a chance to diagonalize, we may have cost(n,s) <
cost(n, s+ 1) while cost(m, s) = cost(m, s+ 1) for some m < n and some s.
We note that K-trivials and low for random sets are exactly those which can
be constructed via cost functions (a result of Nies, for more details see [12])
and that any c.e. set A which is not ML-cuppable is K-trivial (see [13]).

Our proof is largely based on Nies’; the new ingredient is that we deal
directly with the cost functions Cr and show that they have the property (1)
with the help of a generalization of Sacks’ theorem on the measure of upper
cones in the Turing degrees (theorem 1). Thus we avoid the assumption
that Y is random: incomputability suffices and in fact, if Y is computable
the claim holds trivially. Nies followed an indirect approach: he explicitly
required the set A to be K-trivial and used this along with the random-
ness of Y to ensure that the cost (associated with non-cupping) from the
enumeration into A is bounded.

Proof of theorem 2. We may assume that Y is non-computable (otherwise
the claim is trivial). Assume a computable approximation (Ys) of Y. We
consider any one-oracle Turing functional © as a consistent c.e. set of axioms
(1,v) where 7,v are strings. Consistent means that if (71, v1), (72, v2) € ©
and 71,7y are comparable (i.e. one is a prefix of the other) then vy, vy are
comparable. An axiom (7,v) means that all reals which are prefixed by
7 must be mapped (via ©) to a real which is prefixed by v. Analogous
definitions hold for functionals of more oracles (e.g. a two-oracle functional
will be a consistent set of axioms (7,0, v)).

Moreover, we say that a (for example) two-oracle Turing functional T’
(with enumeration (I'y)) does not enumerate any superfluous azxioms if for
any stage s of its enumeration the following holds: if (71,01,v) € 'y then
no axiom (79, 09,v) with 70 2 71 and g9 D o7 is going to be enumerated
into I' at a later stage. Such an an axiom is called superfluous since it does
not add any information about the map I' to what we already know at stage
s. It is obvious that given any Turing functional I' we can effectively get
a Turing functional ©® which does not enumerate any superfluous axioms
and is identical to I', as a map from reals to reals. Let u be the Lebesgue
measure. We often identify strings with basic open sets of the Cantor space
2% (e.g. o is the set of reals whose binary expansion extends o) and sets of
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strings with the union of the corresponding sets of reals. Thus, for example,
we can consider the measure of a set of strings.

Lemma 1. Suppose that I' is a two-oracle Turing functional which does not
enumerate any superfluous axioms and A is a set. Then for every string p
and e > 0 there is some stage t such that

o | @r,v)[trCA AN 7| >uN vCp A (ryo,v) e =Ty} <27¢
where u is the length of the longest T such that (T,0,v) € I'y for some o,v.

Proof. Obviously it is enough to show that for every string p and e > 0 there
is some stage t such that

(2) o | ATt CA A |T|>u A (1,0,p) e I —T4]} < 27€.

Consider the set S of all strings o such that there exists 7 C A with (7,0, p) €
I' and no ¢’/ C o has this property. Note that the set of reals corresponding
to S (i.e. the reals which are extensions of the strings in §) is the set of reals
corresponding to

G={o| 3@n)[rCA A (1,0,p) €T}

Consider the approximation (S;) — S where 0 € S, if 0 € S and (7,0, p) €
I'; for some 7 C A. Since lim; S = S we can choose a stage ty such that

uS — puSy < 27°

for all ¢t > ty. We claim that (2) holds for ¢ = ty. Indeed it is enough to
show that any real [ of the set in (2) belongs to S — S;,. We know that 3
belongs to S (since S and G contain the same reals). If it belonged to Sy,
then there would be a o C 8 such that o € S, and (7,0, p) € I'y, for some
7 C A. But since 8 belongs to the set in (2) there must be some 7/ C A,
o' C 3 such that (r',0’,p) € T — Ty, and |7/| > w > |7|. Then 7 C 7’ and,
by the properties of S, 0 C ¢’. This is a contradiction since we assumed
that I' does not enumerate any superfluous axioms. O

For each two-oracle partial computable functional I' we will construct a
consistent AJ set of axioms Ar (in particular, a one-oracle functional) such
that the following requirement holds:

Nr:[(ryo,v) eI’ AN TCA AN vCY]= (o,v) € Ar

and if Ir(s) is the set of uses (as strings o) of the axioms that are removed
from Ar at stage s then

(3) Zulp(s) < 0.

S
The relation (3) asserts that (I7(s)) is a Solovay test. We recall that a real
B is Solovay random (which is equivalent to Martin-Lof random, see [2]) if
for every sequence of intervals which is a Solovay test, only finitely many
intervals contain 3. So (3) says that for any Martin-Lof random R only
finitely many axioms with use comparable to R will ever be extracted from
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Ar. From the discussion above we can restrict the functionals I'" to those
which do not enumerate any superfluous axioms (something we will assume
from now on without special notice) without losing any generality. Of course
we also have the prompt simplicity requirements for A:

Py [W|=00=3s,nneWs—Ws_1 N ne A

where W runs over all c.e. sets. The functionals A will be fed tagged axioms
of the form (o, v), where (7, o, v) belongs to I'. We use tags in order to reduce
consistency of A to the consistency of I'. In particular, at any stage we will
only allow in A axioms whose tags agree with the current approximation to
A. This way A will be consistent so long as I" is consistent.

The requirements above are sufficient to guarantee the claim. Indeed, if
'R =Y then AR =Y (by the satisfaction of Nr). If R is random then
we can compute Y as follows: after some stage no axiom with use an initial
segment of R is going to be extracted from A (otherwise, by (3) R would
not be random). So we can run the approximation to A after that stage
and every axiom which applies to R will be indeed in A and will give us the
correct answer about Y. The cost function (for requirement Nr) will be as
follows:

(4) costr(n,s) = p{o | (Ju,7)((o,v)r € Ars—1 A n <|T|)}.
Assume an effective ordering of the requirements of the form
P0>N0>P1>N1>...

and say that the e-th P-strategy requires attention at stage s if there is
some n such that

ne€Ws—Ws_1 A costr(n,s) <27°

for all N-requirements of higher priority than P. Such a number n is called
P-suitable. The construction is as follows.

Construction: At stage s,

(1) For each Np-requirement (of priority order < s) do the following:
e (removing from Ar) Remove from Ar every axiom (o, v), such
that 7 ¢ As.
o (adding to Ar) For every (1,0,v) € I's such that 7 C As and
v C Y5 add (o,v), to Ap.
(2) find the least P-strategy (of priority order < s) requiring attention
(if such exists) and enumerate the least P-suitable number into A.

Verification. For the verification, first note that every A tends to a limit
since (A;) tends to a limit. Also every A is consistent since it is consistent
at each stage (due to the consistency of I' and the tags). Note that all
requirements N are satisfied by the construction. Also, the condition on I
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is satisfied since there is a stage so such that for all t > sg no P-requirement
of higher priority than Nr acts and

S ulr(s) < Y27

t>sgo

(because every P acts at most once and only with suitable witnesses). Now
if we show that for every Nr and e there exists some ng such that

(5) (Vn > ng) (Vs > n) costr(n,s) <27¢

the satisfaction of all P follows and we are done. Fix Npr = Ny, e > t and
consider

Ty ={o | (T4 =Y) [ n}
i.e.
T,={o| @r,v)({(r,0,v) eI’ ANTCA ANVDY [n)}
Then T),+1 € T, and if T' = lim,, T}, then
T={p| T =Y}

Notice that Y £p A. Indeed, otherwise we can choose a random R %7
Y (since Y is non-computable) and we would have Y <7 A & R which
contradicts the satisfaction of the N-requirements that we showed above.
The following is a generalization of Sacks’ theorem that the measure of non-
trivial upper cones of Turing degrees is 0.

Theorem 3. (Stillwell [17]) If Y L7 A then p{f | Y <r A® [} =0.

So uT = 0 and lim,, uT;, = 0. Choose some m such that uT}, < 27¢2
and a stage to after Y | m has settled (in the approximation of Y that we
have). Recall lemma 1 and choose a stage t; such that if

M=u{o| Fr,v)[rTCA A |T|>u AN vCY [m A (r,0,v) e =T4]}

where u is the length of the longest 7 such that (7,0,v) € I'y, for some o, v,
then

(6) M < 27¢72,

If ¢5 is the last stage where some P;, ¢ < e+ 1 acts and ng > tg, t1, 2, u then
(5) holds. Indeed, consider any n > ng, s > n. Then A; C BUCUD (we
drop the subscript I" from A for simplicity) where

(1) B is the set of axioms (o, v),; with 7 C A such that (r,0,v) € T'y,.

(2) C is the set of axioms (o,v); with T C A, v CY [morvDY [m
(i.e. v is comparable to Y | m), and such that (1,0,v) € I'=T',. Let
C! be the set of those axioms (o, v), € C that have v CY | m and
c?=cC-C.

(3) D is the set of axioms of A which are going to be removed in stages
> s (i.e. those (o,v); € Ag such that 7 ¢ A).
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D
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B

Figure 1: A, and its partition

Note that B,C',C?, D are pairwise disjoint as sets of tagged axioms. If
By, Cf,, D, are the sets of uses of the axioms in B, C?, D respectively then
03 C T, uCg < 27¢72 and by the choice of to, uD, < 27¢71. Also
pCL < 27¢72 by (6) and the choice of t;. If

E={{o,v); € Ay | n < |7|)}

and E, the set of uses of the axioms in E then E C BUC'UC?U D and
E N B =0 (since n bounds the lengths of the tags of all axioms in B). So
E CC'uC?UD and by (4),

costr(n,s) = pFE, < uCr + nC2 + pD, < 27°

which concludes the proof of theorem 2. [J

After the submission of this paper, the referee suggested that the proof of
theorem 2 (with a minor modification) actually shows the following stronger
statement.

Theorem 4. For every AY noncomputable set Y there is a promptly simple
set A such that

for every random set R.

The only modification we have to do is that we require the functionals "
to have the following two properties (instead of just the first one):

e " does not enumerate superfluous axioms

o if (1,0,v) € I' then |7| > |v|.
It is not hard to show that each partial computable functional I' can be ef-
fectively filtered so that we get a partial computable functional IV which has
these two properties and gives exactly the same reductions as the functional
it came from. Indeed, stage by stage we pour the axioms appearing in I’
into IV with the following exceptions:

e if an axiom is superfluous we do not enumerate it in I

e if (7,0,v) with |7| < |v| appears in I" we consider the set of extensions
(7:) of T such that |;| = |v| and enumerate (7;, 0, v) into I for each
¢ unless this axiom is superfluous for I".

Now one can inductively verify that I has the required properties. So
we have an effective list of all such typical functionals which we can use
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without loss of generality (since they give all possible reductions). The
proof proceeds exactly as before and we only need to verify that

for every random set R. Assuming that T4®® =Y we show how to compute

A given R. Every time that an axiom (o, v), appears in Ar with ¢ C R
we enumerate 7 into a set M. Now by the assumptions M contains strings
of unbounded length. Moreover, if infinitely many of these strings are not
prefixes of A, the set R must be a member of infinitely many terms of the
Solovay test Ir (by the same argument as in the proof of theorem 2). Since
R is random almost all strings in M are prefixes of A and thus A <7 R.
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