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Let h : N → Q be a computable function. A real numberx is calledh-monotonically computable (h-mc, for
short) if there is a computable sequence(xs) of rational numbers which converges tox h-monotonically in the
sense thath(n)|x− xn| ≥ |x− xm| for all n andm > n. In this paper we investigate classesh-MC of h-mc
real numbers for different computable functionsh. Especially, for computable functionsh : N → (0, 1)Q, we
show that the classh-MC coincides with the classes of computable and semi-computable real numbers if and
only if

∑
i∈N(1 − h(i)) = ∞ and the sum

∑
i∈N(1 − h(i)) is a computable real number, respectively. On

the other hand, ifh(n) ≥ 1 andh converges to1, thenh-MC = SC no matter how fasth converges to1.
Furthermore, for any constantc > 1, if h is increasing and converges toc, thenh-MC = c-MC . Finally, if h
is monotone and unbounded, thenh-MC contains allω-mc real numbers which areg-mc for some computable
functiong.
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1 Introduction

In mathematics, real numbers are usually represented by Cauchy sequences of rational numbers. Naturally, in
order to discuss the computability of a real numberx, we consider only the computable sequences of rational
numbers which converges tox. However, the limits of computable sequences of rational numbers do not match
very well the intuition of “computable real numbers”. For example, ifx is the limit of a computable sequence
(xs) of rational numbers, we can actually say nothing about the approximation errors|x − xs| in any effective
sense. In other words, we do not know any effective lower or upper bound ofx. As a result, only the limits of
computable sequences of rational numbers which convergeeffectivelyare calledcomputable. Here a sequence
(xs) converges tox effectivelymeans|x− xs| ≤ 2−s for all s (see [10, 5, 9]). This is also equivalent to Turing’s
original definition ofcomputable numbersin [13] thatx ∈ [0; 1] is computable if it has a computable decimal
expansion, i.e.,x =

∑∞
n=0 f(n) · 10−n for some computable functionf : N → {0, 1, · · · , 9}. On the other

hand, the limits of computable sequences of rational numbers are calledcomputably approximable. The class of
computable and computably approximable real numbers are denoted byEC (stands forEffectively Computable)
andCA, respectively. Here we consider only the real numbers of the unit interval[0, 1] because any other real
numbersy can be decomposed asy = x ± n for x ∈ [0, 1] andn ∈ N andx andy have obviously the same
effectivity in any reasonable sense.

In some sense, a sequence(xs) converges optimally if it converges effectively, because we have a full and
effective control on the error-estimation to its limit. As observed by Specker [12], even monotone sequences do
not necessarily converge effectively. This leads to a weaker version of computable real numbers. We call a real
numberx left computable (right computable)if it is the limit of an increasing (decreasing) computable sequence
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of rational numbers. Left and right computable real numbers are calledsemi-computable. The classes of right
computable, left computable and semi-computable real numbers are denoted byLC , RC andSC. It is easy to
see that a real numberx is left computable if and only if it has a c.e. left Dedekind cutLx := {r ∈ Q : r < x}.
Thus, left computable real numbers are also calledcomputably enumerableor c.e. for short in literature (see
e.g., [4, 2]). The difference of any two left computable real numbers is calledweakly computableor d-c.e. (see
Rodney G. Downey [4]). Ambos, Weihrauch and Zheng [1] show thatx is weakly computable if and only if there
is a computable sequence(xs) of rational numbers converging tox weakly effectively in the sense that the sum∑∞

i=0 |xi − xi+1| is finite and the classWC of all weakly computable real numbers is in fact the closure ofSC
under the arithmetical operations+,−,× and÷.

Notice that any semi-computable real numberx has an effective approximation(xs) with continuously im-
proving approximation-errors. That is,|x − xn| ≥ |x − xm| hold for any natural numbersn < m. As a
generalization of this property, Calude and Hertling [3] introduced the notion of monotonically computability.
According to Calude and Hertling, a sequence(xs) converges tox monotonicallyif there is a constantc such that

(∀n, m ∈ N)(n < m =⇒ c · |x− xn| ≥ |x− xm|). (1)

Naturally, a real numberx is calledmonotonically computableif there is a computable sequence(xs) of rational
numbers which converges tox monotonically. Obviously, forc < 1, condition (1) implies the computability
of the limit x. In general, Calude and Hertling showed in [3] that if a computable sequence(xs) converges
monotonically (even for somec ≥ 1 of (1)) to a computable real numberx, then it converges computably in the
sense that there is a computable functiond : N → N such that|x − xs| ≤ 2−t for anys ≥ d(t). Certainly, we
are more interested in monotonically computable real numbers which are not computable. In this case, different
constantsc reflect the different “non-computability” of the limits. To study more precisely this kind of difference,
let’s call a real numberx c-monotonically computable(c-mc for short) if there is a computable sequence(xs) of
rational numbers which satisfies condition (1) and converges tox. Thus, a real numberx is computable if and
only if it is c-mc for somec < 1 andx semi-computable if and only if it is1-mc. More interesting properties of
c-mc real numbers are shown in [8, 6]. For example, the dense hierarchy theorem ofc-mc real numbers holds, i.e.,
for any constantsc1 > c2 ≥ 1, there exists ac1-mc real number which is notc2-mc. And everyc-mc real number
is also weakly computable but there is a weakly computable real number which is notc-mc for any constantc,
that is, the class of monotonically computable real numbers is properly contained in the classWC.

The condition (1) has been extended further by the first and second authors in [6] to the following

(∀n, m ∈ N)(n < m =⇒ h(n) · |x− xn| ≥ |x− xm|) (2)

for a functionh : N → Q. That is, the ratios of approximation errors are bounded byh. In this case, the sequence
(xs) is calledh-monotonically convergentand the corresponding limitx is calledh-monotonically computable
(h-mc for short). x is calledω-monotonically computable(ω-mc) if it is h-mc for some computable function
h. The classes ofc-mc, h-mc andω-mc real numbers are denoted byc-MC , h-MC andω-MC , respectively.
Different from the class of monotonically computable real number class, the classω-MC is not contained in the
classWC any more and it actually incomparable with the classWC as shown in [6].

In this paper we will compare the classesEC andSC with classesh-MC for different computable functions
h. Especially, for computable functionsh : N → Q such thath(n) ≤ 1 for all n, we show thath-MC = EC if
and only if

∑
i∈N(1− h(i)) is infinite;h-MC = SC if and only if the sum

∑
i∈N(1− h(i)) is a computable real

number andEC ( h-MC ( SC otherwise. On the other hand, ifh : N → Q is a computable function such that
h(n) ≥ 1 for all n andlimn→∞ h(n) = 1, then the classh-MC coincides always withSCno matter how fast the
functionh converges1.

For other constantc > 1, the situation is different. We will show that, ifh is a monotone computable
function which approaches toc from below, thenh-MC = c-MC . And for any computable functionsh1, h2 :
N → (c,∞)Q, if limn→∞ h1(n) = limn→∞ h2(n) = c, thenh1-MC = h2-MC . Also for theω-monotone
computability, we have a very simple characterization that, ifh is a unbounded monotone computable function,
thenh-MC = ω-MC .

In the next section, we explain some useful notions and notations. In Section 3 we recall some basic properties
of h-mc real numbers in general. Section 4 discusses the relationships betweenh-MC andEC and shows a
criterion thath-MC coincides withEC iff the sum

∑
i∈N(1 − h(i)) is infinite. The relationships betweenh-mc
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and semi-computable real numbers are discussed in Section 5. Here we achieve also a criterion thath-MC = SC
if and only if

∑
i∈N(1 − h(i)) is a computable real number. The classesh-MC for the computable functionsh

which converge to a constantc ≥ 1 are investigated in Section 6. In the last section we look at the class ofω-mc
real numbers.

2 Preliminaries

In this section, we explain some basic notions and notations which will be used in this paper. ByN, Q andR
we denote the classes of natural, rational and real numbers, respectively. Their positive subsets are denoted by
N+, Q+ andR+, respectively. IfI ⊆ R is an interval, we denote byIQ the corresponding interval of rational
numbers. For any setsA,B, we denote byf : A → B a total function fromA to B and byf :⊆ A → B a partial
function with dom(f) ⊆ A and range(f) ⊆ B.

We assume only very basic background on the classical computability theory (cf. e.g. [11, 14]). A function
f :⊆ N → N is called (partial) computable if there is a Turing machine which computesf . Suppose that(Me)
is an effective enumeration of all Turing machines. Letϕe :⊆ N → N be the function computed by the Turing
machineMe andϕe,s :⊆ N → N an effective approximation ofϕe up to steps. Namely,ϕe,s(n) = m if the
machineMe with the inputn outputsm in s steps andϕe,s(n) is undefined otherwise. Thus,(ϕe) is an effective
enumeration of all partial computable functionsϕe :⊆ N → N and(ϕe,s) a uniformly effective approximation of
(ϕe). One of the most important properties ofϕe,s is that the predicateϕe,s(n) = m is effectively decidable and
hence in an effective construction we can useϕe,s instead ofϕe. The computability notions on other countable
sets can be defined by some effective coding. For example, letσ : N → Q be an effective coding of rational
numbers. Then a functionf :⊆ Q → Q is called computable if and only if there is a computable function
g :⊆ N → N such thatf ◦ σ(n) = σ ◦ g(n) for anyn ∈ dom(f ◦ σ). Other types of computable functions can
be defined similarly. Of course, the computability notion onQ can also be defined directly based on the Turing
machine. For the simplicity, we use(ϕe) to denote the effective enumeration of partial computable functions
ϕe :⊆ N → Q too. This should not cause confusion from the context.

A sequence(xs) of rational numbers is calledcomputableif there is a computable functionf : N → Q such
that xs = f(s) for all s ∈ N. It is easy to see that,(xs) is computable if and only if there are computable
functionsa, b, c : N → N such thatxs = (a(s)− b(s))/(c(s) + 1) for all s.

In this paper, we consider only theh-monotonic computability for the computable functionsh : N → Q.
Because of the density ofQ in R, all results can be extended to the cases of the computable functionsh : N → R.
These results are omitted here for technical simplicity.

3 h-Monotone Computability

In this section, we look at some basic properties ofh-monotonically computable real numbers for different
computable functionsh : N → Q. First of all, by condition (2), it is easy to see that only rational numbers can be
h-mc if h(n) = 0 for some natural numbern. Therefore, we consider only computable functionsh : N → Q+ in
this paper.

For different constantsc, the classesc-MC have been investigated in [8, 6]. We summarize some of the main
results aboutc-MC as follows.

Theorem 3.1 (Rettinger and Zheng[6])

1. EC = c-MC for any0 < c < 1 andSC = 1-MC ;

2. c1-MC ( c2-MC for any constantsc2 > c1 ≥ 1; and

3.
⋃

c∈N c-MC ( WC.

Now we investigate the classesh-MC for computable functionsh : N → Q. Notice that, if(xs) is a sequence
of rational numbers such thatlims→∞ xs = x andx 6= xs for all s, then the sequence(xs) converges tox
h-monotonically for the functionh : N → Q defined byh(n) := sup{|x − xm| : m ≥ n}/|x − xn|. But, this
functionh is not computable in general. Thus, it makes sense only to discuss theh-monotone computability for
computable functionsh, that is, the classω-MC of ω-mc real numbers. The very first question is, whether there
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exists a computably approximable real number which is notω-mc at all? The positive answer is proved by the first
and second authors in [6]. In fact, there exists even a weakly computable real number which is notω-MC . On
the other hand, the classω-MC is not even contained in the classDBC, a proper superclass ofWC, which is the
class of alldivergence bounded computablereal numbers introduced in [7, 15]. Namely,x is divergence bounded
computable means that there is a computable sequence(xs) of rational numbers and a computable functionf
such that, for anyn, there are at mostf(n) non-overlapping index pairsi < j with |xi − xj | ≥ 2−n. That is we
have

Theorem 3.2 (Rettinger, Zheng and Gengler[7])

1. There exists a weakly computable real number which is notω-mc; and

2. There exists anω-mc real number which is not divergence bounded computable,

Thus, the classω-MC is incomparable with both classesWC andDBC.
To compare the different classesh-MC , we have obviouslyh1-MC ⊆ h2-MC if h1(n) ≤ h2(n) for all n.

This can be weakened slightly as follows.

Lemma 3.3 If h1(n) ≤ h2(n) for almost alln ∈ N, thenh1-MC ⊆ h2-MC .

This condition is of course not necessary, For instance, by Theorem 3.1.1.EC = h-MC if there exists
a constantc such thath(n) < c < 1 for all n. If we consider the computable functionsh1, h2 : N → Q
such thath1(n), h2(n) ≥ 1 for all n, then we have another interesting sufficient condition for the inclusion
h1-MC ⊆ h2-MC as follows.

Theorem 3.4 Let h1, h2 : N → [1,∞)Q be computable functions. Thenh1-MC ⊆ h2-MC holds if the
following condition is satisfied.

(∀s ∈ N)(∃∞t)(h1(t) ≤ h2(s)). (3)

P r o o f. Leth1, h2 : N → [1,∞)Q be two computable functions which satisfy condition (3). Suppose that
x is h1-mc and(xs) is a computable sequence of rational numbers which converges tox h1-monotonically. By
condition (3), there is an increasing computable functionn : N → N such thath1(n(s)) ≤ h2(s) for all s ∈ N.
Let (ys) be a computable subsequence of(xs) defined byys := xn(s) for any s ∈ N. For all s < t, since
n(s) < n(t), we haveh1(n(s))|x− xn(s)| ≥ |x− xn(t)|. This implies that

h2(s)|x− ys| = h2(s)|x− xn(s)| ≥ h1(n(s))|x− xn(s)| ≥ |x− xn(t)| = |x− yt|.

That is, the computable sequence(ys) convergesh2-monotonically tox and hencex is alsoh2-mc. Therefore,
h1-MC ⊆ h2-MC .

Notice that, ifc ≥ 1 is a constant andh1, h2 : (c,∞)Q are computable functions such thatlimn→∞ h1(n) =
limn→∞ h2(n) = c, then they satisfy condition (3). Thus we have the following result.

Corollary 3.5 For any constantc ≥ 1 and computable functionsh1, h2 : N → (c,∞)Q, if limn→∞ h1(n) =
limn→∞ h2(n) = c, thenh1-MC = h2-MC .

4 Monotone Computability vs Computability

In this section, we will discuss the computability ofh-mc real numbers for the computable functionsh : N → Q
with h(n) ≤ 1 for all n ∈ N and show a necessary and sufficient condition for the equalityh-MC = EC.

Sinceh-MC = Q if h(n) = 0 for somen by condition (2), the classEC is not contained in every class
h-MC for computable functionh. However, the next lemma says that ifh(n) > 0 for all n, then the classh-MC
does contain already all computable real numbers, no matter how small the values ofh(n)’s could be or even if
limn→N h(n) = 0.

Lemma 4.1 If h : N → Q is a computable function such thath(n) > 0 for all n ∈ N, thenEC ⊆ h-MC .

Copyright line will be provided by the publisher
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P r o o f. Letx be a computable real number and(xs) a computable sequence which converges tox such that
2−s ≤ |x− xs| ≤ 2−s+1. This implies that|x− xs| ≤ |x− xt| for anys ≥ t. Sinceh(n) > 0 for all n ∈ N, we
can define inductively an increasing computable functiong : N → N by g(0) := 0 and

g(n + 1) := (µs)
(
s > g(n) & h(n) · 2−g(n) > 2−s+1

)
.

Then, for anyn < m, we haveg(n + 1) ≤ g(m) and hence

h(n) · |x− xg(n)| ≥ h(n) · 2−g(n) ≥ 2−g(n+1)+1 ≥ |x− xg(n+1)| ≥ |x− xg(m)|.

That is, the computable sequence(xg(s)) convergesh-monotonically tox and hencex is h-mc.

On the other hand, it is easy to see that anyh-mc real number is computable if there is a constantc < 1
such thath(n) ≤ c for infinitely manyn ∈ N. Therefore, it suffices to consider only the computable functions
h : N → (0; 1]Q such thatlimn→∞ h(n) = 1. Even for such kind of functionh, the classh-MC can coincide
with EC too. The next theorem shows a necessary and sufficient condition when this happens.

Theorem 4.2 Let h : N → (0; 1]Q be a computable function. Then the classh-MC coincides with the class
EC if and only if

∏∞
i=0 h(i) = 0. Namely,

h-MC = EC ⇐⇒
∞∏

i=0

h(i) = 0.

P r o o f. “⇐”: Suppose thath : N → (0; 1]Q is a computable function such that
∏∞

i=0 h(i) = 0. We are going
to show thath-MC = EC. The inclusionEC ⊆ h-MC follows from Lemma 4.1. We show now the another
inclusionh-MC ⊆ EC.

Let x be anh-mc real number and(xs) be a computable sequence of rational numbers which converges tox
h-monotonically. Suppose without loss of generality that|x− x0| ≤ 1. Sinceh(n) · |x− xn| ≥ |x− xm| for all
m > n, we have|x− xn| ≤

∏n
i=0 h(i) · |x− x0| ≤

∏n
i=0 h(i). Becauselimn→∞

∏n
i=0 h(i) =

∏∞
i=0 h(i) = 0,

we can define a strictly increasing computable functiong : N → N inductively as follows.{
g(0) := 0
g(n + 1) := (µs)

(
s > g(n) &

∏s
i=0 h(i) < 2−(g(n)+1)

)
.

Then the computable sequence(ys) of rational numbers defined byys := xg(s) converges tox effectively and
hencex ∈ EC.

“⇒”: Suppose that
∏∞

i=0 h(i) = c > 0. Fix a rational numberq such that0 < q < c. We will construct
an increasing computable sequence(xs) of rational numbers from the unit interval[0; 1] which convergesh-
monotonically to a non-computable real numberx. For theh-monotonic convergence it suffices to satisfy

h(n)(x− xn) ≥ x− xn+1

for all n ∈ N. Sincex ≤ 1, this can be reduced further toh(n)(1− xn) ≥ 1− xn+1 which is equivalent to

xn+1 ≥ 1− h(n)(1− xn). (4)

To guarantee thatx is not computable, it suffices to satisfy, for alle ∈ N, the following requirements

Re :
ϕe is an increasing total function,
(∀s)(|ϕe(s)− ϕe(s + 1)| ≤ 2−(s+1))

}
=⇒ x 6= lim

s→∞
ϕe(s).

Thus, what we have to do is to construct an increasing computable sequence(xs) which satisfies condition (4)
and its limitx satisfies all requirementsRe for e ∈ N.

Let’s explain our idea to construct such a sequence(xs) informally at first. As the first attempt, simply let
y0 = 0 and yn+1 = 1 − h(n)(1 − yn). In this case, we haveyn = 1 −

∏
i<n h(i) for any n ∈ N and

hencelimn→∞ yn = 1 − c. This sequence is an increasing computable sequence and satisfies condition (4)
too. Nevertheless, its limitlims→∞ ys = 1 −

∏
i∈N h(i) is not necessarily non-computable. To guarantee the
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non-computability ofx, we make an extra increment of2δe in the definition ofys+1, if it is necessary, so that the
requirementRe is satisfied for alle. Hereδe is a rational number with0 < δe < c. Concretely, if there are natural
numberst, s such that2−t < δe andϕe(t) < 1−h(s)(1−ys)+δe, then we defineys+1 := 1−h(s)(1−ys)+2δe.
In this case, we havelimn→∞ ϕe(n) ≤ ϕe(t)+2−t ≤ ϕe(t)+δe ≤ 1−h(s)(1−ys)+2δe = ys+1 < limn→∞ yn.
Otherwise,limn→∞ ϕe(n) ≥ ϕe(t)− 2−t > ϕe(t)− δe ≥ limn→∞ yn for somet with 2−t < δe. In both cases,
Re is satisfied. This strategy can be implemented for each requirement independently. To guarantee that the
sequence remains in the interval[0; 1], theδe’s should be chosen in such a way that

∑
e∈N 2δe ≤ c. Therefore,

we can define simplyδe := q · 2−(e+2).
The formal construction of the sequence(xs):
Stage0. Definex0 = 0. All requirements are set into the state of “unsatisfied”.
Stages + 1. Given xs. We say that a requirementRe requires attentionif e ≤ s, Re is in the state of

“unsatisfied” and the following condition is satisfied

(∃t ≤ s)
(
2−t < δe & ϕe,s(t) ≤ 1− h(s)(1− xs) + δe

)
(5)

Let Re be the requirement of the highest priority (i.e., of the minimum indexe) which requires attention at
this stage. Then define

xs+1 := 1− h(s)(1− xs) + 2δe

and setRe to the state of “satisfied”. In this case, we say thatRe receives attentionat stages + 1.
Otherwise, if no requirement requires attention at stages + 1, then define simply

xs+1 := 1− h(s)(1− xs).

To show that our construction succeeds, we prove the following sublemmas.

Sublemma 4.2.1For anye ∈ N, the requirementRe receives attention at most once and hence
∑∞

i=0 σ(i) ≤
q, whereσ(s) := 2δe if the requirementRe receives attention at stages + 1, andσ(s) := 0 otherwise.

Proof of sublemma:By the construction, if a requirementRe receives attention at stages, thenRe is set
into the state of “satisfied” and will never require attention again after stages. That is, it receives attention at
most once. This implies that, for anye ∈ N, there is at most ones ∈ N such thatσ(s) = 2δe. Therefore,
q =

∑∞
e=0 2δe ≥

∑∞
i=0 σ(i).

Sublemma 4.2.2The sequence(xs) is an increasing computable sequence of rational numbers from the
interval [0; 1] and it convergesh-monotonically to somex ∈ [0; 1].

Proof of sublemma:At first we prove by induction onn the following claim

(∀n ∈ N)

(
xn ≤ 1−

∏
i<n

h(i) +
∑
i<n

σ(i)

)
. (6)

Forn = 0, the claim (6) holds trivially, because
∏

i∈∅ · · · = 1 and
∑

i∈∅ · · · = 0 by convention.
Assume by induction hypothesis that the claim holds forn. Then we have

xn+1 = 1− h(n)(1− xn) + σ(n)

≤ 1− h(n) ·
∏
i<n

h(i) + h(n) ·
∑
i<n

σ(n) + σ(n)

≤ 1−
∏

i<n+1

h(i) +
∑

i<n+1

σ(n).

That is, the claim holds also forn+1 and this completes the proof of the claim. Since
∏

i<n h(i) ≥
∏∞

i=0 h(i) >

q ≥
∑∞

i=0 σ(i) ≥
∑

i<n σ(i) for anyn ∈ N, it follows thatxn < 1 for anyn ∈ N. Furthermore, because of

xn+1 − xn = 1− h(n)(1− xn) + σ(n)− xn

≥ 1− h(n)(1− xn)− xn = (1− h(n))(1− xn) > 0
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for anyn ∈ N, the sequence(xs) is a strictly increasing computable sequence of rational numbers from[0; 1].
Besides, by the construction, the sequence(xs) satisfies obviously the condition (4). Therefore, it converges

to somex ∈ [0; 1] h-monotonically and hencex is anh-mc real number.

Sublemma 4.2.3For anye ∈ N, the requirementRe is eventually satisfied and hencex is not a computable
real number.

Proof of sublemma.For anye ∈ N, suppose that the premises of the requirementRe are satisfied. Namely,ϕe

is an increasing total function and satisfies the condition that|ϕe(s)− ϕe(s + 1)| ≤ 2−(s+1) for all s. Then the
limit ze := limt→∞ ϕe(t) exists and|ze − ϕe(s)| ≤ 2−s holds for anys ∈ N. We consider the following two
cases:

Case 1. The requirementRe receives attention at some stages + 1. According to condition (5), there is a
natural numbert ≤ s such that2−t < δe andϕe(t) ≤ 1−h(s)(1−xs)+ δe. This implies thatlimn→∞ ϕe(n) ≤
ϕe(t) + 2−t ≤ 1−h(s)(1− xs) + 2δe ≤ xs+1 < x. That is,limt→∞ ϕe(t) 6= x and henceRe is satisfied in this
case.

Case 2. Suppose that the requirementRe does not receive attention at all. We will show thatRe is satisfied
too. By Sublemma 4.2.1, we can choose ans0 large enough such that no requirementRi for i < e receives
attention after stages0. For a contradiction assume thatze = limt→∞ ϕe(t) = x. From the hypothesis ofRe, ϕe

is an increasing total function. Chooset, s1 > s0 such that2−t < δe andϕe,s1(t) is defined. Then there exists an
s2 ≥ max{e, t} such thatϕe,s2(t) < xs2 . Since0 < h(s2), xs2 < 1, we havexs2 < 1 − h(s2)(1 − xs2). This
implies thatϕe,s2(t) ≤ 1− h(s2)(1− xs2) + δe. That is, condition (5) is satisfied at stages2 + 1. Therefore,Re

will require and also receive attention at stages2 + 1, because no requirementRi for i < e requires attention at
this stage. This is a contradiction.

In summary,x is anh-monotonically computable but not computable real number. This completes the proof
of the theorem.

Corollary 4.3 Let h : N → (0, 1]Q be a computable function. Thenh-MC = EC if and only if the sum∑
i∈N(1− h(i)) is infinite.

P r o o f. It follows immediately from Theorem 4.2 and a classical result that the sum
∑

i∈N(1−h(i)) is infinite
if and only if the product

∏
i∈N h(i) is equal to0.

5 Semi-computability

In this section we discuss the relationship betweenh-monotone computability and semi-computability. We will
show that, for any computable functionh : N → (0; 1]Q, h-MC = SC if and only if the sum

∑
i∈N(1− h(i)) is

a computable real number.
First of all we shown a simple sufficient condition that allh-mc real numbers are semi-computable.

Lemma 5.1 Let h : N → Q be a computable function such thath(n) ≤ 1 for infinitely manyn ∈ N. Then
h-MC ⊆ SC.

P r o o f. Leth : N → Q be a computable function with(∃∞n)(h(n) ≤ 1). Then there exists an increasing
computable functiong : N → N such thath(g(n)) ≤ 1 for all n. Suppose thatx is anh-mc real number
and(xs) is a computable sequence(xs) of rational numbers which converges tox h-monotonically. Then the
sequence(xs) can be sped up by choosing a subsequence(xg(s)). Actually, we can easily see that the computable
sequence(xg(s)) of rational numbers converges tox h ◦ g-monotonically, i.e.,x is h ◦ g-mc. On the other hand,
since(∀n ∈ N)(h ◦ g(n) ≤ 1), x is a semi-computable real number by Theorem 3.1.

By Lemma 5.1, if(∃∞n)(h(n) ≤ 1), then anyh-mc real numberx is semi-computable. However, a com-
putable sequence whichh-monotonically converges tox is not necessarily monotone and a monotone sequence
converging tox does not automatically convergeh-monotonically. But the next result shows that, for any such
h-mc real numberx, there exists a monotone computable sequence which converges tox h-monotonically.

Lemma 5.2 Let h : N → Q be a computable function such thath(n) ≤ 1 for infinitely manyn ∈ N. If x is
anh-mc real number, then there is a monotone computable sequence which converges tox h-monotonically.
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10 X. Zheng, R. Rettinger, and G. Barmpalias:h-Monotonically Computable Real Numbers

P r o o f. Let(xs) be a computable sequence of rational numbers which convergesh-monotonically tox and
h : N → Q a computable function such thath(n) ≤ 1 for infinitely manyn. Suppose that(ns) is the strictly
increasing sequence of all natural numbersns such thath(ns) ≤ 1 and denote byn(s) the leastni ≥ s. Now we
consider the computable sequence(ys) defined byys := xn(s) for all s.

We show at first that the sequence(ys) convergesh-monotonically tox. For anys < t, if n(s) = n(t),
then there is ani such thats < t ≤ ni andn(s) = ni and henceh(s) > 1. This implies thath(s)|x − ys| =
h(s)|x− xn(s)| > |x− xn(t)| = |x− yt|. Otherwise, ifn(s) < n(t), then there is ani ∈ N such thats ≤ ni < t,
n(s) = ni andn(s) < n(t). In this case, we haveh(s) = h(ni) if s = ni andh(s) > 1 ≥ h(ni) otherwise, i.e.,
h(s) ≥ h(n(s)). This implies thath(s)|x−ys| = h(s)|x−xn(s)| ≥ h(n(s))|x−xn(s)| ≥ |x−xn(t)| = |x−yt|.

Notice that, ifys < ys+1, thenn(s) < n(s + 1) and hence there is ani ∈ N such thats = ni < s + 1. This
means thath(s) = h(ni) ≤ 1. Therefore we haveys < x, because otherwisex ≤ ys and soh(s)|x − ys| ≤
ys−x < ys+1−x which contradicts theh-monotonic convergence of the sequence(ys). Similarly, if ys > ys+1,
thenys > x. Now there are following four possibilities:

Case 1. The inequalityys < ys+1 hold for almost alls ∈ N. In this case, we can easily transform the sequence
(ys) to a monotone one which convergesh-monotonically tox.

Case 2.ys > ys+1 hold for almost alls ∈ N. We can do similar to the case 1.
Case 3. For almost alls, ys = ys+1. In this case, the limitx is in fact a rational number and we are done.
Case 4.(∃∞s)(ys < ys+1) and(∃∞s)(ys > ys+1). In this case, we can define an increasing computable se-

quence and a decreasing computable sequence which converge both tox. For example, the increasing computable
sequence(zs) can be defined byzs := yg(s) whereg : N → N is defined inductively by{

g(0) := (µs) (ys < ys+1)
g(n + 1) := (µs)

(
s > g(n) & yg(n) < ys < ys+1

)
.

But in this case,x is a computable real number and hence there is an increasing computable sequence which
converges tox h-monotonically by Lemma 4.1.

As mentioned at the beginning of this section, ifc < 1, then anyc-mc real number is computable. It is natural
to ask, for a functionh with 0 < h(n) < 1 for anyn ∈ N, is anyh-mc real number computable too, or is there
any1-mc real number which is noth-mc for any computable functionh with (∀n)(h(n) < 1)? Next theorem
gives a negative answer to both of these questions.

Theorem 5.3 Every semi-computable real number ish-mc for a computable functionh : N → Q such that
0 < h(n) < 1 for anyn ∈ N.

P r o o f. Suppose thatx is a left computable real number and(xs) is a strictly increasing computable sequence
of rational numbers which converges tox. Leta be a rational number which is greater thanx. Define a computable
functionh : N → Q by h(n) := a−xn+1

a−xn
for anyn ∈ N. Then0 < h(n) < 1 becausexn < xn+1 for anyn ∈ N.

Actually, the sequence(xs) converges tox h-monotonically because

h(n) · |x− xn| = (x− xn)
(

a− xn+1

a− xn

)
> (x− xn)

(
x− xn+1

x− xn

)
= (x− xn+1) ≥ |x− xm|

for any natural numbersn andm > n.
Similarly, if x is a right computable real number and(xs) a strictly decreasing computable sequence of rational

numbers which converges tox, then we define a computable functionh : N → Q by h(n) := xn+1
xn

for any
natural numbersn. Obviously, we have0 < h(n) < 1 for any n ∈ N and the sequence(xs) converges tox
h-monotonically because

h(n) · |x− xn| = (xn − x)
(

xn+1

xn

)
> (xn − x)

(
xn+1 − x

xn − x

)
= (xn+1 − x) ≥ |x− xm|

for any natural numbersm > n.
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By Theorem 4.2, the conditionh(n) < g(n) for all n does not suffice to separate the classg-MC from h-MC .
The next theorem gives a sufficient condition such thatg-MC = h-MC .

Theorem 5.4 Let g, h : N → (0, 1)Q be computable functions. Ifh(n) ≤ g(n) holds for alln and the sum
u :=

∑
i∈N(g(i)− h(i)) is a computable real number, theng-MC = h-MC .

P r o o f. Letg, h : N → (0, 1)Q be computable functions such thath(n) ≤ g(n) for all n. We need only to
prove the non-trivial inclusiong-MC ⊆ h-MC . Let x be ag-mc real number. Ifx is computable, then it is also
h-mc by Lemma 4.1. Suppose thatx is left computable but not computable. Then, by Lemma 5.2, there exists
an increasing computable sequence(xs) of rational numbers which converges tox g-monotonically. That is, we
haveg(n)(x− xn) ≥ x− xn+1 which is equivalent to

x ≤ xn +
xn+1 − xn

1− g(n)
(7)

for all n. Let vn := min{xm + xm+1−xn

1−g(m) : m ≤ n}. Then we havex ≤ vn+1 ≤ vn and hence the limit

v := limn→∞ vn exists andx ≤ v. Thus, we havev ≤ xn + xn+1−xn

1−g(n) which is further equivalent to

(1− g(n))(v − xn) ≤ xn+1 − xn (8)

for all n. Sincex is left computable but not computable andv is right computable, we have actuallyx < v.
Therefore, we can choose a rational numberr such that0 < r < v − x.

By assumption, the sumu :=
∑

i∈N(g(i)−h(i)) is computable and hence there exists a decreasing computable
sequence(un) of rational numbers which converges tou. Now we can define a computable sequence(yn) of
rational numbers byyn := xn − δn for δn := r ·

(
un −

∑
i<n(g(i)− h(i))

)
for all n. Sinceyn+1 − yn =

(xn+1 − xn) + r · (un − un+1) + (g(n) − h(n)) > 0, the sequence(yn) is increasing. Furthermore, we have
limn→∞ yn = limn→∞ xn becauselimn→∞ δn = 0. In addition, for largen, we havex− yn ≤ r and hence the
following inequality holds

yn+1 − yn = (xn+1 − xn) + (δn − δn+1)
= (xn+1 − xn) + r · ((un − nn+1) + (g(n)− h(n)))
≥ (1− g(n))(v − xn) + r · (g(n)− h(n))
≥ r · (1− g(n)) + r · (g(n)− h(n))
= r · (1− h(n)) ≥ (x− yn)(1− h(n)).

Therefore,x is h-mc too. For right computablex, the proof is similar.

The Theorem 5.4 can be easily strengthened to the following form.

Theorem 5.5 Let g, h : N → (0, 1)Q be computable functions. If the sumu :=
∑

i∈N |g(i) − h(i)| is a
computable real number, theng-MC = h-MC .

P r o o f. It suffices to apply Theorem 5.4 to functionsg1 andh1 defined byg1(n) := max{g(n), h(n)} and
h1(n) := min{g(n), h(n)}, respectively, for alln.

From the proof, Theorem 5.4 can not generalized directly to the case of constant functiong ≡ 1. However,
the result does hold correspondingly forg ≡ 1.

Theorem 5.6 Leth : N → (0, 1]Q be a computable function. If the sum
∑∞

i=0(1−h(i)) is a computable real
number, thenSC = h-MC .

P r o o f. We need only to show the non-trivial inclusionSC⊆ h-MC . Let h : N → (0, 1]Q be a computable
function such that the sumu :=

∑∞
i=0(1 − h(i)) is a computable real number. Notice that, by condition (2), an

increasing sequence(ys) converges tox h-effectively if and only if

ys+1 − ys ≥ (x− ys)(1− h(s)) (9)
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12 X. Zheng, R. Rettinger, and G. Barmpalias:h-Monotonically Computable Real Numbers

hold for alls. Thus, ifx is, say, left computable and(xs) an increasing computable sequence of rational numbers
which converges tox, then the sequence(ys) defined by

ys := xs −
∑
i>s

(1− h(i)) (10)

satisfies condition (9). However, if the sumu :=
∑∞

i=0(1 − h(i)) is not computable, then(ys) is not necessar-
ily computable. Nevertheless, ifu is computable, then there is a decreasing computable sequence(us) which
converges tou. Now instead of (10), we can define a computable sequence(ys) of rational numbers by

ys := xs − us +
∑
i≤s

(1− h(i)) (11)

and the sequence(ys) is increasing and satisfies condition (9) too. That is,(ys) converges tox h-monotonically
and hencex ∈ h-MC . For right computablex, we can prove similarly thex ∈ h-MC .

Notice that, for any computable functionsg, h : N → Q, if h(n) ≤ g(n) ≤ 1 for all n and
∑

i∈N(1 − h(n))
is computable, theng-MC = SC becauseSC = h-MC ⊆ g-MC ⊆ SC. Actually, in this case, the sum∑

i∈N(1− g(i)) is computable too as shown in the next lemma.

Lemma 5.7 Let h, g : N → (0, 1)Q be computable functions. Ifg(s) ≤ h(s) holds for all s and the sum
u :=

∑
i∈N(1− g(i)) is a computable real number, then the sumv :=

∑
i∈N(1− h(i)) is computable too.

P r o o f. Since the sumu :=
∑

i∈N(1 − g(i)) is computable, there exists an increasing computable sequence
(us) of rational numbers converging tou such thatu − us ≤ 2−s for all s. Let n(s) denote the least natural
numbert such that

∑t
i=0(1 − g(i)) ≥ us andvs :=

∑n(s)
i=0 (1 − h(i)) for all s. Then(vs) is an increasing

computable sequence of rational numbers which satisfies the following

v − vs =
∑

i>n(s)

(1− h(i)) ≤
∑

i>n(s)

(1− g(i))

= u−
∑

i≤n(s)

(1− g(i)) ≤ u− us ≤ 2−s

for all s. That is, the sequence(vs) converges tov effectively and hencev is computable.

Now we show that the computability of the sum
∑

i∈N(1−h(i)) is in fact a necessary condition for the equality
SC = h-MC .

Theorem 5.8 Let h : N → (0, 1)Q be a computable function. If
∑

i∈N(1 − h(i)) is not a computable real
number, then there is a left computable real numberx which is noth-monotonically computable, i.e.,SC *
h-MC .

P r o o f. Leth : N → (0, 1)Q be a computable function such that
∑

i∈N(1− h(i)) is not computable. We are
going to construct a computable nondecreasing sequence(xs) of rational numbers which converges tox such that
x is noth-mc. Sincex is left computable, by Lemma 5.2, ifx is h-mc, then there exists an increasing computable
sequence of rational numbers which convergesh-monotonically. Thus,x needs only to satisfy, for alle ∈ N, the
following requirements:

Re :
ϕe is an increasing total function and
(ϕe(s)) convergesh-monotonically toye

}
=⇒ ye 6= x,

where(ϕe) is an effective enumeration of computable functionsϕe :⊆ N → Q.
We explain the idea how a single requirementRe can be satisfied. LetΣ5 := {0, 1, 2, 3, 4} and I be set

of all rational subintervals of the interval[0, 1]. We define at first an interval treeI : Σ∗5 → I inductively by
I(λ) := [0, 1] andI(wi) := [ui, ui+1] for all w ∈ Σ∗5 andi < 5, whereu0 < u1 < u2 < u3 < u4 < u5 is an
equidistant subdivision of the intervalI(w). The intervalI(w) is denoted by[aw, bw] for anyw ∈ Σ∗5. Then we
haveaw =

∑
i<|w| 5

−(i+1) ·w[i] andbw = aw +5−|w|. Let us begin with the interval[0, 1] as the base interval of
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Re. Our goal is to find a subintervalJ ⊆ [0, 1] such that any point ofJ except endpoints satisfies the requirement
Re. In this case, the intervalJ is called a witness interval ofRe.

Assume thatϕe is a total function and(ϕe(s)) is an increasing sequence. At the beginning, letI(11) be the
first candidate of the witness interval ofRe. If the sequence(ϕe(s)) does not enter the intervalI(11), then we
are done. Otherwise, suppose that there exists ans0 such thatϕe(s0) ∈ I(11). If there exists at < s0 such
thath(t)(a3 − ϕe(t)) < a3 − ϕe(t + 1) holds, then we change the witness interval to beI(3). In this case, for
anyx ∈ I(3), we haveh(t)(x − ϕe(t)) < x − ϕe(t + 1) and henceI(3) is a correct witness interval ofRe.
Otherwise, if the inequalityh(t)(a3 − ϕe(t)) ≥ a3 − ϕe(t + 1) holds for allt < s0, then we chooseI(131) to
be a new candidate of witness interval. Analogously, if there exists ans1 > s0 such thatϕe(s1) ∈ I(131), then
we choose eitherI(3) or I(1331) to be the new candidate of witness interval ofRe, depending on whether there
exists at < s1 such thath(t)(a3 −ϕe(t)) < a3 −ϕe(t + 1) holds, and so on. Let’s look at the possible outcome
of our construction. If the intervalI(3) is chosen as a witness interval at some stage, then we are done because
the sequence(ϕe(s)) does not converge to any element ofI(3).

Otherwise, ifI(3) has never been chosen as the witness interval ofRe, then there are two possibilities. Either
there is ak ∈ N such thatI(13k1) is chosen as a candidate of witness interval and there does not exists such
thatϕe(s) ∈ I(13k1) and henceI(13k1) is a correct witness interval ofRe or each of the following intervals
I(11), I(131), I(1331), · · · is chosen to be a candidate of witness interval at some stage. In the latter case, there
exists a computable increasing sequence(sn) of natural numbers such thatϕe(sn) ∈ I(13n1) for all n. This
implies that the limitye := lims→∞ ϕe(s) = 5−1 + 3 ·

∑∞
i=2 5−i is a computable real number. In addition, we

have the inequalityh(n)(a3 − ϕe(n)) ≥ a3 − ϕe(n + 1) holds for allt ∈ N. That is, we have

(1− h(n))(a3 − ϕe(n)) ≤ ϕe(n + 1)− ϕe(n) (12)

for all n. Notice thata3 − ϕe(n) > 5−1 for all n. Now we define a computable functiong : N → (0, 1)Q by

g(n) := 1− 5 · (ϕe(n + 1)− ϕe(n))

for all n. By condition (12), we have1− g(n) = 5(ϕe(n+1)−ϕe(n)) ≥ 5(1−h(n))(a3−ϕe(n)) ≥ 1−h(n)
and henceg(n) ≤ h(n) for all n. On the other hand, we have

∑
n∈N(1−g(n)) = 5

∑
n∈N(ϕe(n+1)−ϕe(n)) =

5(ye − ϕe(0)). That is, the sum
∑

n∈N(1 − g(n)) is a computable real number and hence
∑

n∈N(1 − h(n)) is
computable too by Lemma 5.7. This contradicts the hypothesis onh. This contradiction implies that only finitely
many intervals can be chosen to be the candidate of a witness interval ofRe and the last one is a correct one.

To satisfy all requirementsRe simultaneously, we apply a standard finite injury priority construction. We omit
the details here.

By Corollary 4.3, Theorem 5.6 and Theorem 5.8 we can summarize the possible classh-MC for computable
functionh : N → (0, 1] as follows.

Corollary 5.9 Leth : N → (0, 1]Q be a computable function, then the following hold.

1. If
∑

n∈N(1− h(n)) = ∞, thenh-MC = EC;

2. If
∑

n∈N(1− h(n)) is finite and computable, thenh-MC = SC; and

3. If
∑

n∈N(1− h(n)) is finite but not computable, thenEC ( h-MC ( SC.

Thus, for computable functionsh : N → (0, 1]Q, the corresponding classh-MC can coincide withEC or
SC or locate strictly betweenEC andSC, depending on how fast the functionh converges to1 from below.
However, if we consider a computable functionh : N → [1,∞)Q which converges to1 from above, the situation
is completely different.

Theorem 5.10 Leth : N → [1,∞)Q be a computable function. Iflimn→∞ h(n) = 1, thenSC = h-MC .

P r o o f. The inclusionSC ⊆ h-MC follows immediately from the equationSC = 1-MC (Theorem 3.1.2)
and the inclusion1-MC ⊆ h-MC (Lemma 3.3). Now we prove the other inclusionh-MC ⊆ SC. By Corollary
3.5, if there exists a computable functionh : N → (1,∞)Q which converges to1 such thath-MC ⊆ SC, then we
are done. Let us consider the functionh defined byh(s) := 1 + 2−s for all s .
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Let x ∈ [0, 1] be anh-mc real number and(xs) a computable sequence of rational numbers of the unit interval
[0, 1] which converges tox h-monotonically. If|xs−xs+1| ≤ 2−s holds for almost alls, then we are done because
the limit x is computable and hence is also semi-computable in this case. Suppose that there are infinitely many
s such that|xs − xs+1| > 2−s. Since(xs) converges tox h-monotonically, we haveh(s)|x− xs| ≥ |x− xs+1|
which is equivalent to{

x ≤ xs − xs+1−xs

h(s)−1 or x ≥ xs + xs+1−xs

h(s)+1 , if xs < xs+1;

x ≤ xs + xs+1−xs

h(s)−1 or x ≥ xs − xs+1−xs

h(s)+1 , if xs+1 < xs.
(13)

for all s. Now we consider the following cases.
Case 1. There are infinitely manys such thatxs < xs+1 and|xs − xs+1| > 2−s. For these indicess, we have

xs < x because of condition (13). Otherwise, ifx ≤ xs, thenx ≤ xs − xs+1−xs

h(s)−1 = xs − (xs+1 − xs) · 2s <

xs − 1 < 0 which contradicts the choice ofx ∈ [0, 1]. Thus, we can construct an increasing computable
subsequence of(xs) which converges tox and hencex is left computable.

Case 2. There are finitely manys such thatxs < xs+1 and|xs−xs+1| > 2−s. Then, there must exist infinitely
manys such thatxs > xs+1 and|xs − xs+1| > 2−s. In this case, we can show thatx is right computable in a
way similar to the case 1.

In both cases we can conclude that thatx is semi-computable and henceh-MC ⊆ SCholds.

6 Around a Constant c > 1

In section 5, we investigated theh-mc real numbers for computable functions which approach1. For such kind
of functionsh, we haveh-MC ⊆ SC. In this section we discuss the classesh-MC for computable functions
h : N → Q which converge to a constantc > 1. We will show thath-MC = c-MC if h converges toc from
below. If the computable functionsh, g : N → (c,∞)Q converge toc from above, then we haveg-MC = h-MC .

Different from the case of constant1, the next theorem shows that, ifc > 1 and h : N → (0, c)Q is a
computable function which converges toc from below, then the classh-MC is always the same no matter how
fast the functionsh approaches the constantc.

Theorem 6.1 Let c > 1 be a constant andh1, h2 : N → (0, c)Q be computable functions. Ifh2 is nonde-
creasing andlimn→∞ h1(n) = limn→∞ h2(n) = c, thenh1-MC ⊆ h2-MC .

P r o o f. Leth1, h2 : N → (0, 1)Q be computable functions,h2 is nondecreasing andlimn→∞ h1(n) =
limn→∞ h2(n) = c > 1. Suppose, w.l.o.g., thath1(n), h2(n) ≥ 1 for all n ∈ N. We will show thath1-MC ⊆
h2-MC .

Let x be anh1-mc real number and(xs) a computable sequence of rational numbers which convergesh1-
monotonically tox. Sinceh1(n) < c = lims→∞ h2(s) for all n, there is a strictly increasing computable
sequence(ni) of natural numbers such thath2(ni) ≥ h1(i) for anyi ∈ N. Let n(s) denote the largesti such that
ni ≤ s and define a computable sequence(ys) of rational numbers byys := xn(s) for all s. We show that(ys)
converges tox h2-monotonically.

For any natural numberss < t, if n(s) = n(t), then there is ani ∈ N such thatni ≤ s < t < ni+1 and
n(s) = n(t) = i. In this case, we have

h2(s)|x− ys| = h2(s)|x− xn(s)| ≥ |x− xn(t)| = |x− yt|,

sinceh2(s) ≥ 1. Otherwise, ifn(s) < n(t), then there arei < j such thatn(s) = i, n(t) = j andni ≤ s <
nj ≤ t. Becauseh2 is increasing andh2(ni) ≥ h1(i), we conclude that

h2(s)|x− ys| ≥ h2(ni)|x− xn(s)| ≥ h1(i)|x− xi| ≥ |x− xj | = |x− yt|.

Therefore, the sequence(ys) converges tox h2-monotonically and hencex is h2-mc.

Corollary 6.2 Let c > 1 be a constant andh1, h2 : N → (0, c)Q computable functions. If there exists a
nondecreasing computable functiong : N → Q such that the limitlims→∞ g(s) = c andh1(s), h2(s) ≥ g(s)
for all s, thenh1-MC = h2-MC .
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The above proof does not work ifh1 or h2 is the constant functionc. But a corresponding result holds. To
show that we need a new technique.

Definition 6.3 Let h : N → Q be a function. A sequence(xs) of rational numbers is calledh-reducedif, for
all i < j, there does not exist natural numberss > j such thath(i)|xs − xi| < |xs − xj |.

Lemma 6.4 Let h : N → [1,∞)Q be a computable function. If(xs) is a computable sequence of rational
numbers which convergesh-monotonically tox, then there exists anh-reduced computable sequence of rational
numbers which converges tox too.

Theorem 6.5 Letc > 1 be a constant andh : N → (0, c)Q a computable function. If there is a nondecreasing
computable functiong : N → (0, c)Q such thatg(n) ≤ h(n) for all n and limn→∞ g(n) = c, thenc-MC =
h-MC .

P r o o f. Leth : N → (0, c)Q be a computable function. Then the inclusionh-MC ⊆ c-MC is trivial. By
Corollary 6.2, it suffices to prove that for anyc-mc real numberx, there exists an increasing computable function
g : N → (0, c)Q with lims→∞ g(s) = c such thatx is g-mc.

Let x ∈ [0, 1] be ac-mc real number and(xs) a c-reduced computable sequence of rational numbers of
[0, 1] which converges tox c-monotonically. Assume w.l.o.g thatx is not semi-computable. Thus we have
c · |x − xi| ≥ |x − xj | for any natural numbersi < j. In other words, the limitx does not belong to the open
intervalI(i, j) which is defined by

I(i, j) :=


(
xi − xj−xi

c−1 , xi + xj−xi

c+1

)
, if xi < xj ;(

xi − xj−xi

c+1 , xi + xj−xi

c−1

)
, otherwise.

The intervalI(i, j) is called a forbidden interval of index(i, j) (for i < j). Now we can prove the following
claim.

Claim 6.5.1 For any natural numbern, there exist natural numbersi, j, k with n < i < j < k such that
I(i, j) ∩ I(j, k) 6= ∅
Proof. Assume by contradiction that the claim does not hold. That is, there is ann such thatI(i, j)∩ I(j, k) = ∅
for anyn < i < j < k. Choose an index pairi < j large enough such thatδ = |xi − xj| very small. Suppose
thatxi < xj . SinceI(i, j) ∩ I(j, s) = ∅ for anys > j, then we have(xj − xs)(c + 1) ≤ δ − δ/(c + 1), i.e.,
xs ≥ xj − cδ, if xs < xj ; and(xs − xj)/(c − 1) ≤ δ − δ/(c + 1), i.e., xs ≤ xj + c−1

c+1cδ, otherwise. This

implies that the limitx locates in the interval
[
xj − cδ, xj + c−1

c+1cδ
]
. Since(xs) converges tox, we can choose

δ = |xi, xj | arbitrarily small. Thus,x is a computable real number which contradicts the hypothesis thatx is not
semi-computable. � (claim)

By Claim 6.5.1, there is a computable sequence(in, jn, kn) of index-triples such thatin < jn < kn < in+1

andI(in, jn) ∩ I(jn, kn) 6= ∅ for all n. Then, we define a computable sequence(yn) of rational numbers by
yn := (xin + xjn)/2 for all n. Let εn := |xin − yin |/2. Then we can define an increasing computable function
g : N → (0, c)Q such thatc − g(n) ≤ cεn/2 for all n. Notice that, by assumption, we have|x − xn| ≤ 1 and
εn ≤ 1/2 for all n. Thus, for any natural numbersn > m, we have

g(n)|x− yn| = (c− δn) (min{|x− xin
|, |x− xjn

|}+ εn)
= c ·min{|x− xin

|, |x− xjn
|}+ cεn

−δn (min{|x− xin
|, |x− xjn

|}+ εn)
≥ max{|x− xim

|, |x− xjm
|}+ cεn − 2δn

≥ max{|x− xim
|, |x− xjm

|}
= |x− ym|+ εm ≥ |x− ym|,

whereδn := c − g(n). That is, the computable sequence(yn) converges tox g-monotonically. Thus,x is
g-mc.
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Similar to Theorem 6.1, for the case above a constantc > 1, we have only one classh-MC for any computable
functionh : N → (c,∞)Q such thatlims→∞ h(s) = c.

Theorem 6.6 Let c > 1 be a constant andh1, h2 : N → (c,∞)Q computable functions. Iflims→∞ h1(s) =
lims→∞ h2(s) = c, thenh1-MC = h2-MC .

P r o o f. Leth1, h2 : N → (c,∞)Q be computable functions such thatlims→∞ h1(s) = lims→∞ h2(s) = c.
For anys ∈ N, sinceh2(n) > c, there exist infinitely manyt such thath1(t) ≤ h2(s). By Theorem 3.4, we have
h1-MC ⊆ h2-MC . Similarly, we can show thath2-MC ⊆ h1-MC holds too.

7 ω-Monotonically Computable Real Numbers

In the preceding sections we discussed theh-mc real numbers for computable functionsh which converge to
constants. All these real numbers are weakly computable as shown in Theorem 3.1. The situation is of course
different if we consider also unbounded computable functionsh, because it is shown in [8] that the class ofω-mc
real numbers is incomparable withWC. In this section we will discuss theω-mc real numbers. Naturally, we
are interested in some kind of hierarchy ofω-MC by different classesh-MC according to the increasing speed
of h. However we will see that this is impossible, because for any unbounded monotone computable functionh
we have alreadyh-MC = ω-MC .

Theorem 7.1 Leth : N → Q+ be a monotone and unbounded computable function. Thenh-MC = ω-MC .

P r o o f. Suppose thath : N → Q+ is a monotone and unbounded computable function. We are going to
show thatω-MC ⊆ h-MC . Let x be anω-mc real number. Then there is a computable functiong : N → Q and
a computable sequence(xs) of rational numbers which convergesg-monotonically tox. Sinceh is unbounded,
we can define an increasing computable sequence(ni) of natural numbers such thath(ni) ≥ g(i) for all i ∈ N.
Let (ys) be a computable sequence of rational numbers defined byys := xn(s) for anys ∈ N, wheren(s) is the
maximumi such thatni ≤ s. Then, the sequence(ys) converges obviously also tox. Now we will show that the
sequence(ys) convergence actuallyh-monotonic tox.

For natural numberss < t, if n(s) = n(t), i.e., there is ani such thatni ≤ s < t < ni+1 andn(s) = i,
thenh(s)|x − ys| = h(s)|x − xi| ≥ |x − xi| = |x − yt|. Otherwise, ifn(s) < n(t), then there arei < j
such thatni ≤ s < nj ≤ t andn(s) = i < j = n(t). Sinceh is increasing, this implies thath(s)|x − ys| ≥
h(ni)|x− xi| ≥ g(i)|x− xi| ≥ |x− xj | = |x− yt|. Therefore,x is h-monotonically computable.

Corollary 7.2 Leth : N → Q be a computable function. If there exists an unbounded monotone computable
functiong such thatg(n) ≤ h(n) for all n, thenh-MC = ω-MC .
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