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Leth : N — Q be a computable function. A real numbeis calledh-monotonically computablextmc, for

short) if there is a computable sequelize) of rational numbers which convergesatdi-monotonically in the
sense thak(n)|z — x| > |z — zm| for all n andm > n. In this paper we investigate clasge$IC of h-mc

real numbers for different computable functidnsEspecially, for computable functios: N — (0, 1)q, we

show that the clask-MC coincides with the classes of computable and semi-computable real numbers if and
only if 37, (1 — h(i)) = oo and the sumd_, (1 — h(7)) is a computable real number, respectively. On
the other hand, ik(n) > 1 andh converges td, thenh-MC = SC no matter how fash converges td.
Furthermore, for any constaat> 1, if h is increasing and convergesdpthenh-MC = ¢-MC. Finally, if h

is monotone and unbounded, theitMC contains allu-mc real numbers which agemc for some computable
functiong.
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1 Introduction

In mathematics, real numbers are usually represented by Cauchy sequences of rational numbers. Naturally, in
order to discuss the computability of a real numberwe consider only the computable sequences of rational
numbers which converges 10 However, the limits of computable sequences of rational numbers do not match
very well the intuition of “computable real numbers”. For example; i the limit of a computable sequence
(z4) of rational numbers, we can actually say nothing about the approximation errers| in any effective
sense. In other words, we do not know any effective lower or upper bound A§ a result, only the limits of
computable sequences of rational numbers which conwdfgetivelyare calledcomputable Here a sequence
(z5) converges ta effectivelymeangz — x| < 27 for all s (see[[10[5,9]). This is also equivalent to Turing’s
original definition ofcomputable numberis [13] thatz < [0; 1] is computable if it has a computable decimal
expansion, i.e.z = > 2 f(n) - 107" for some computable functiofi : N — {0,1,---,9}. On the other
hand, the limits of computable sequences of rational numbers are caligautably approximabléeThe class of
computable and computably approximable real numbers are denotd {stands foiEffectively Computable)
andCA, respectively. Here we consider only the real numbers of the unit intfrydl because any other real
numbersy can be decomposed gs= = + n for z € [0,1] andn € N andz andy have obviously the same
effectivity in any reasonable sense.

In some sense, a sequer(ag) converges optimally if it converges effectively, because we have a full and
effective control on the error-estimation to its limit. As observed by SpeCkér [12], even monotone sequences do
not necessarily converge effectively. This leads to a weaker version of computable real numbers. We call a real
numberz left computable (right computablé)it is the limit of an increasing (decreasing) computable sequence
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of rational numbers. Left and right computable real numbers are cadied-computableThe classes of right
computable, left computable and semi-computable real numbers are dendt€d BC andSC. It is easy to
see that a real numberis left computable if and only if it has a c.e. left Dedekind éyt:= {r € Q : r < z}.
Thus, left computable real numbers are also catlechputably enumerabler c.e. for short in literature (see
e.g., [4)2]). The difference of any two left computable real numbers is calskly computabler d-c.e. (see
Rodney G. Downey [4]). Ambos, Weihrauch and Zheng [1] showthatwveakly computable if and only if there
is a computable sequenc¢e,) of rational numbers converging toweakly effectively in the sense that the sum
Z;’io |x; — x;41] is finite and the clasg/C of all weakly computable real numbers is in fact the closur8©f
under the arithmetical operations —, x and+.

Notice that any semi-computable real numbenas an effective approximatidis) with continuously im-
proving approximation-errors. That i& — z,| > |z — x,,| hold for any natural numbers < m. As a
generalization of this property, Calude and Hertling [3] introduced the notion of monotonically computability.
According to Calude and Hertling, a sequelicg) converges ta: monotonicallyif there is a constantsuch that

(VnomeN)(n<m=c- |z —xzy| > |z —2zp]). 1)

Naturally, a real number is calledmonotonically computabliéthere is a computable sequenes) of rational
numbers which converges tomonotonically. Obviously, for: < 1, condition [1) implies the computability
of the limit . In general, Calude and Hertling showed in [3] that if a computable sequenteonverges
monotonically (even for some> 1 of (1)) to a computable real numbey then it converges computably in the
sense that there is a computable functionN — N such thafxz — x| < 27¢ for anys > d(t). Certainly, we
are more interested in monotonically computable real numbers which are not computable. In this case, different
constants reflect the different “non-computability” of the limits. To study more precisely this kind of difference,
let’s call a real number: c-monotonically computabl@-mc for short) if there is a computable sequefieg) of
rational numbers which satisfies conditih (1) and converges fbhus, a real number is computable if and
only if it is c-mc for somec < 1 andx semi-computable if and only if it i$-mc. More interesting properties of
c-mc real numbers are shown in [8, 6]. For example, the dense hierarchy thearentoéal numbers holds, i.e.,
for any constants; > ¢y > 1, there exists a;-mc real number which is nat-mc. And everye-mc real number
is also weakly computable but there is a weakly computable real number whichdswmfor any constant,
that is, the class of monotonically computable real numbers is properly contained in thé/€lass

The condition|(lL) has been extended further by the first and second autHdrs in [6] to the following

(Vn,m e N)(n <m = h(n) |z —z,| > |z — zn]|) 2

for a functionh : N — Q. That is, the ratios of approximation errors are boundet.ldn this case, the sequence
(z4) is calledh-monotonically convergeraind the corresponding limit is calledh-monotonically computable
(h-mc for short). z is calledw-monotonically computabléu-mc) if it is h-mc for some computable function
h. The classes of-mc, h-mc andw-mc real numbers are denoted bBMC, h-MC andw-MC, respectively.
Different from the class of monotonically computable real number class, theuglBES is not contained in the
classwC any more and it actually incomparable with the cl#$S as shown in[[B].

In this paper we will compare the clasde€ and SC with classesh-MC for different computable functions
h. Especially, for computable functiorts: N — Q such thati(n) < 1 for all n, we show thah-MC = EC if
and only if) ", (1 — h(i)) is infinite; h--MC = SCif and only if the sum)_, (1 — k(7)) is a computable real
number andeC C A-MC C SC otherwise. On the other hand /if: N — Q is a computable function such that
h(n) > 1for all n andlim,,_,, h(n) = 1, then the class-MC coincides always witlsC no matter how fast the
functionh converged.

For other constant > 1, the situation is different. We will show that, if is a monotone computable
function which approaches twfrom below, thenh-MC = ¢-MC. And for any computable functior's,, hs :
N — (¢,00)qg, if limy, 00 h1(n) = lim, . ha(n) = ¢, thenh;-MC = hy-MC. Also for thew-monotone
computability, we have a very simple characterization thdt,if a unbounded monotone computable function,
thenh-MC = w-MC.

In the next section, we explain some useful notions and notations. In Sgction 3 we recall some basic properties
of h-mc real numbers in general. Sect{gn 4 discusses the relationships betvi¢€nand EC and shows a
criterion thath-MC coincides withEC iff the sum) , (1 — k(7)) is infinite. The relationships betweénmc
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and semi-computable real numbers are discussed in SEftion 5. Here we achieve also a critéribtCthatSC
if and only if } ©, (1 — h(i)) is a computable real number. The classedC for the computable functions
which converge to a constant> 1 are investigated in Secti¢f 6. In the last section we look at the classwf
real numbers.

2 Preliminaries

In this section, we explain some basic notions and notations which will be used in this papirQByndR

we denote the classes of natural, rational and real numbers, respectively. Their positive subsets are denoted by
N*,Q* andR™, respectively. Iff C R is an interval, we denote bj, the corresponding interval of rational
numbers. For any sets, B, we denote byf : A — B atotal function fromA to B and byf :C A — B a partial

function with dont /) C A and rangéf) C B.

We assume only very basic background on the classical computability theory (cf._€.0.1[11, 14]). A function
f :C€ N — Nis called (partial) computable if there is a Turing machine which comptt&uppose thatM,)
is an effective enumeration of all Turing machines. ket:C N — N be the function computed by the Turing
machineM, andy. , :C N — N an effective approximation @b, up to steps. Namely,p. s(n) = m if the
machinel, with the inputn outputsm in s steps and. ;(n) is undefined otherwise. Thugp. ) is an effective
enumeration of all partial computable functiops:C N — N and(g. ) a uniformly effective approximation of
(¢e). One of the most important propertiesiaf ; is that the predicate. ;(n) = m is effectively decidable and
hence in an effective construction we can yse instead ofp.. The computability notions on other countable
sets can be defined by some effective coding. For example, 1§ — Q be an effective coding of rational
numbers. Then a functiofi :C Q — Q is called computable if and only if there is a computable function
g :C N — Nsuch thatf o o(n) = 0 o g(n) foranyn € dom(f o o). Other types of computable functions can
be defined similarly. Of course, the computability notion(@mran also be defined directly based on the Turing
machine. For the simplicity, we uge.) to denote the effective enumeration of partial computable functions
e :€ N — Q too. This should not cause confusion from the context.

A sequencéz,) of rational numbers is callecbmputabléf there is a computable functiofi: N — Q such
thatz, = f(s) forall s € N. It is easy to see thatx,) is computable if and only if there are computable
functionsa, b, ¢ : N — N such thate; = (a(s) — b(s))/(c(s) + 1) for all s.

In this paper, we consider only themonotonic computability for the computable functiohs N — Q.
Because of the density @f in R, all results can be extended to the cases of the computable funktidkis— R.
These results are omitted here for technical simplicity.

3 h-Monotone Computability

In this section, we look at some basic propertieshahonotonically computable real numbers for different
computable functions : N — Q. First of all, by condition[(R), it is easy to see that only rational numbers can be
h-mc if h(n) = 0 for some natural number. Therefore, we consider only computable functibnsN — Q™ in
this paper.

For different constants, the classes-MC have been investigated in/[8, 6]. We summarize some of the main
results about-MC as follows.

Theorem 3.1 (Rettinger and Zhend6])

1. EC = ¢-MC for any0 < ¢ < 1 andSC = 1-MC;

2. ¢1-MC C ¢»-MC for any constantsy > ¢; > 1; and
3. Upen ¢MC € WC.

Now we investigate the classhMC for computable functiond : N — Q. Notice that, if(x,) is a sequence
of rational numbers such théitn, .., zs = = andz # z, for all s, then the sequende:s) converges tac
h-monotonically for the functiork : N — Q defined byh(n) := sup{|z — .| : m > n}/|z — z,|. But, this
functionh is not computable in general. Thus, it makes sense only to discuasrttemotone computability for
computable functions, that is, the class-MC of w-mc real numbers. The very first question is, whether there
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exists a computably approximable real number which issaotc at all? The positive answer is proved by the first
and second authors inl[6]. In fact, there exists even a weakly computable real number whick-8lGotOn
the other hand, the classMC is not even contained in the claB8C, a proper superclass @C, which is the
class of alldivergence bounded computaléal numbers introduced inl[7,/15]. Namelyis divergence bounded
computable means that there is a computable sequeng¢ef rational numbers and a computable functjpn
such that, for any:, there are at most(n) non-overlapping index pairis< j with |z, — ;| > 27™. Thatis we
have

Theorem 3.2 (Rettinger, Zheng and Genglef7])
1. There exists a weakly computable real number which issaoic; and
2. There exists a-mc real number which is not divergence bounded computable,

Thus, the class-MC is incomparable with both classéC andDBC.
To compare the different classeaMC, we have obviouslyi;-MC C ho-MC if hi(n) < ho(n) for all n.
This can be weakened slightly as follows.

Lemma 3.3 If hy(n) < ho(n) for almost alln € N, thenh,-MC C ho-MC.

This condition is of course not necessary, For instance, by Theorgm EC1= h-MC if there exists
a constant such thath(n) < ¢ < 1 for all n. If we consider the computable functiohs, hs : N — Q
such thath, (n), ha(n) > 1 for all n, then we have another interesting sufficient condition for the inclusion
h1-MC C hy-MC as follows.

Theorem 3.4 Let hy,he : N — [1,00)g be computable functions. Thén-MC C h,-MC holds if the
following condition is satisfied.

(Vs € N)(3*1)(ha(t) < ha(s)). ®3)

Proof. Lethy,hy : N — [1,00)q be two computable functions which satisfy conditiEh (3). Suppose that
x is hy;-mc and(z;) is a computable sequence of rational numbers which converges temonotonically. By
condition [3), there is an increasing computable functionN — N such thath, (n(s)) < ho(s) for all s € N.
Let (ys) be a computable subsequence(ef) defined byy, := =, for anys € N. For alls < t, since
n(s) < n(t), we haveh; (n(s))|z — Tp(s)| > |2 — 25| This implies that

ha(s)|z = ys| = ha(s)z — zn(s)| = ha(n(s))]x = Tns)| 2 |2 = Tnw)| = [ = 2.

That is, the computable sequengg) convergesi,-monotonically tox and hence: is alsohy-mc. Therefore,
h1-MC C hy-MC. O

Notice that, ifc > 1 is a constant anfl,, hs : (¢, c0)g are computable functions such thah,, .., 71 (n) =
lim,,_,, ha(n) = ¢, then they satisfy condition[](3). Thus we have the following result.

Corollary 3.5 For any constant > 1 and computable functioris, h2 : N — (¢, 00)g, If lim, o h1(n) =
lim,, o ha(n) = ¢, thenh;-MC = hy-MC.

4 Monotone Computability vs Computability

In this section, we will discuss the computability/oinc real numbers for the computable functidgnsN — Q
with h(n) < 1 for all n € N and show a necessary and sufficient condition for the equalMC = EC.

Sinceh-MC = Q if h(n) = 0 for somen by condition [2), the clas&C is not contained in every class
h-MC for computable functiork. However, the next lemma says thakif») > 0 for all n, then the class-MC
does contain already all computable real numbers, no matter how small the val(eg’sfcould be or even if
lim,, . h(n) = 0.

Lemma4.1If h: N — Q is a computable function such thiafn) > 0 for all n € N, thenEC C h-MC.
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Proof. Letz be a computable real number afad ) a computable sequence which converges soich that
278 < |z —xs] <2751 This implies thatz — 24| < |z — x| for anys > t. Sinceh(n) > 0 for alln € N, we
can define inductively an increasing computable funcgio™N — N by ¢(0) := 0 and

gn+1) = (us) (s > g(n) & h(n) - 279 > 2*S+1) .
Then, for anyn < m, we haveg(n + 1) < g(m) and hence
h(n) |z —zgmy| > h(n)- 2-9(n) > 9—g(nt+1)+1 > |2 — Zg(ny1)| 2> |2 — 2g(m)|-
That is, the computable sequer(ag,)) convergesi-monotonically tor and hencer is h-mc. O

On the other hand, it is easy to see that aayc real number is computable if there is a constart 1
such thath(n) < ¢ for infinitely manyn € N. Therefore, it suffices to consider only the computable functions
h : N — (0;1]g such thafim, .., h(n) = 1. Even for such kind of function, the class:-MC can coincide
with EC too. The next theorem shows a necessary and sufficient condition when this happens.

Theorem 4.2 Leth : N — (0; 1]p be a computable function. Then the clasMC coincides with the class
ECifand only if [];°, h(i) = 0. Namely,

h-MC = EC «= []h(i)=0.

=0

Proof. “=" Suppose that : N — (0; 1] is a computable function such thet.~, 2.(i) = 0. We are going
to show that-MC = EC. The inclusionEC C h-MC follows from Lemmd4.]l. We show now the another
inclusionh-MC C EC.

Let 2 be anh-mc real number an¢k,) be a computable sequence of rational numbers which converges to
h-monotonically. Suppose without loss of generality that x| < 1. Sinceh(n) - |z — z,| > |z — x,,| for all
m > n,we havelx — z,| <[]\, k(i) - |z — x| <1}, h(i). Becaus@im,, .o [Ty h(i) = [[i2, h(i) =0,
we can define a strictly increasing computable functiolN — N inductively as follows.

{ 9(0) = 0
gln+1) = (us) (5 >g(n) & Hf:o h(i) < 2*(9("”1)) .

Then the computable sequengg) of rational numbers defined by, := x,(,) converges ta effectively and
hencer € EC.

“=": Suppose tha{];~, h(i) = ¢ > 0. Fix a rational numbey such that) < ¢ < ¢. We will construct
an increasing computable sequerieg) of rational numbers from the unit intervfll; 1] which converges-
monotonically to a non-computable real numbeFor theh-monotonic convergence it suffices to satisfy

h(n)(x —x,) > @ — Tpi1
for all n € N. Sincex < 1, this can be reduced further kgn)(1 — z,,) > 1 — x,,41 Which is equivalent to
T 21— h(n)(1 - 2,). @)
To guarantee that is not computable, it suffices to satisfy, for alE N, the following requirements

_ e IS anincreasing total function, .
Bei (s (1pels) — puls + 1)] < 2-0+D) }:> = # g eels).

Thus, what we have to do is to construct an increasing computable sequghedich satisfies conditioﬂ4)
and its limitz satisfies all requirements, for e € N.

Let's explain our idea to construct such a sequefacg informally at first. As the first attempt, simply let
yo = 0andy,y1 = 1 — h(n)(1 — yy,). In this case, we havg, = 1 — [],_, h(i) for anyn € N and
hencelim, ...y, = 1 — ¢. This sequence is an increasing computable sequence and satisfies copfition (4)
too. Nevertheless, its limiim, .., ys = 1 — [[,cy h(é) is not necessarily non-computable. To guarantee the
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non-computability ofc, we make an extra increment2f. in the definition ofy,.1, if it is necessary, so that the
requirementR, is satisfied for alk. Hered, is a rational number with < 6. < ¢. Concretely, if there are natural
numberg, s such thal—* < &, andp,(t) < 1—h(s)(1—ys)+0., then we defings1 := 1—h(s)(1—ys)+20.
In this case, we havém,, .o pe(n) < @e(t)+27F < e (t)+0. < 1—h(s)(1—ys)+20e = ys+1 < limy— 00 Yn-
Otherwiselim,, o0 0e(n) > we(t) — 278 > o (t) — 8 > lim,, o yn for somet with 27% < §.. In both cases,
R, is satisfied. This strategy can be implemented for each requirement independently. To guarantee that the
sequence remains in the intery@ 1], thed.’s should be chosen in such a way t@geN 20, < c¢. Therefore,
we can define simply, := ¢ -2~ (¢t2),

The formal construction of the sequer(eg):

Stagel. Definexy = 0. All requirements are set into the state of “unsatisfied”.

Stages + 1. Givenxs. We say that a requiremeiit, requires attentiorif e < s, R, is in the state of
“unsatisfied” and the following condition is satisfied

(3t < ) (27 < 8 & e (t) < 1= h(s)(1 — 2) + ) (5)

Let R, be the requirement of the highest priority (i.e., of the minimum ingewhich requires attention at
this stage. Then define

ZTst1:=1—h(s)(1 —xs) + 20,

and setR, to the state of “satisfied”. In this case, we say tRatreceives attentioat stages + 1.
Otherwise, if no requirement requires attention at stagel, then define simply

ZTsy1 :=1—h(s)(1 — z5).

To show that our construction succeeds, we prove the following sublemmas.

Sublemma 4.2.1For anye € N, the requirement, receives attention at most once and heh¢g , o (i) <
q, whereo (s) := 26, if the requirement, receives attention at staget+ 1, ando(s) := 0 otherwise.

Proof of sublemmaBy the construction, if a requiremeiit, receives attention at stage then R, is set
into the state of “satisfied” and will never require attention again after stagénat is, it receives attention at
most once. This implies that, for any € N, there is at most one € N such thats(s) = 26.. Therefore,
q=2"02020e = 3272 0(i).

Sublemma 4.2.2The sequencéx) is an increasing computable sequence of rational numbers from the
interval [0; 1] and it convergeg-monotonically to some € [0; 1].

Proof of sublemmaAt first we prove by induction on the following claim

(Vn € N) (xn <1-[[r6)+ Za(i)) . (6)

i<n <n

Forn = 0, the claim @3) holds trivially, becaudd, ;- -- = 1 and} - = 0 by convention.

ied "’
Assume by induction hypothesis that the claim holds#fof hen we have
Tpy1 = 1—=hn)(1—z,)+0c(n)
< 1-—h(n)- H h(i) + h(n) - Z o(n)+o(n)
<n <n
< 1- [ rtiy+ > on).
i<n+1 i<n+1

That is, the claim holds also far+ 1 and this completes the proof of the claim. Sif¢g_, h(i) > [];2, h(i) >
q=>Yp0(i) >, ,0(i) foranyn € N, it follows thatz,, < 1 for anyn € N. Furthermore, because of

Tpt1 —Zpn = 1—hn)1—z,)+0(n)—xz,
> 1—-hn)1—z,) —2p,=(1—h(n))(1—x,) >0
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for anyn € N, the sequencgr,) is a strictly increasing computable sequence of rational numbers|farh
Besides, by the construction, the sequeficg satisfies obviously the conditioﬁ] (4). Therefore, it converges
to somezx € [0; 1] h-monotonically and henceis anik-mc real number.

Sublemma 4.2.3For anye € N, the requiremengR, is eventually satisfied and hengés not a computable
real number.

Proof of sublemmal-or anye € N, suppose that the premises of the requireni&ndre satisfied. Namely;,
is an increasing total function and satisfies the condition [thats) — ¢ (s + 1)| < 2~(*+1) for all s. Then the
limit z. := lim;_, o e () €Xists andz. — p.(s)| < 27° holds for anys € N. We consider the following two
cases:

Case 1. The requiremem. receives attention at some stage- 1. According to condition[(5), there is a
natural numbet < s such tha~! < 6, andip,(t) < 1 —h(s)(1 —xzs) + .. This implies thatim,, o pe(n) <
Ce(t)+278 <1 —h(s)(1 —xs) + 20 < x511 < x. Thatis,lim,_. @.(t) # = and hencer, is satisfied in this
case.

Case 2. Suppose that the requiremBptdoes not receive attention at all. We will show tl#at is satisfied
too. By Sublemm@ 4.2/1, we can choosesariarge enough such that no requireménitfor : < e receives
attention after stag®,. For a contradiction assume that= lim;_,, ¢.(t) = . From the hypothesis @&, ¢,
is an increasing total function. Choose; > s, such tha~* < 4§, ande, s, (¢) is defined. Then there exists an
sp > max{e, t} such thatp. , (t) < x,,. Sinced < h(sq),xs, < 1, we haver,, < 1 — h(s2)(1 — zs,). This
implies thato, , (£) < 1 — h(s2)(1 — x,) + d.. Thatis, condition[() is satisfied at stage+ 1. Therefore R,
will require and also receive attention at staget 1, because no requiremeRt for i < e requires attention at
this stage. This is a contradiction.

In summary,z is anh-monotonically computable but not computable real number. This completes the proof
of the theorem. O

Corollary 4.3 Leth : N — (0, 1]g be a computable function. ThéaMC = EC if and only if the sum
> ien(1 = h(7)) is infinite.

Proof. Itfollowsimmediately from Theorem 4.2 and a classical result that thesym(1—A(4)) is infinite
if and only if the produc{ [, (i) is equal tad. O

5 Semi-computability

In this section we discuss the relationship betwkanonotone computability and semi-computability. We will
show that, for any computable functién: N — (0; 1], ~-MC = SCif and only if the sum)_; (1 — h(7)) is
a computable real number.

First of all we shown a simple sufficient condition that/alinc real numbers are semi-computable.

Lemma 5.1 Leth : N — Q be a computable function such thatn) < 1 for infinitely manyn € N. Then
h-MC C SC.

Proof. Leth : N — Q be a computable function witfd>°n)(h(n) < 1). Then there exists an increasing
computable functiory : N — N such thath(g(n)) < 1 for all n. Suppose that is an h-mc real number
and(zs) is a computable sequen¢e,) of rational numbers which converges:tah-monotonically. Then the
sequencér,) can be sped up by choosing a subsequéngg)). Actually, we can easily see that the computable
sequencéz,,) of rational numbers converges:tah o g-monotonically, i.e.z is h o g-mc. On the other hand,
since(Vn € N)(h o g(n) < 1), z is a semi-computable real number by Theofenh 3.1. O

By Lemma 5.1, if(3°n)(h(n) < 1), then anyh-mc real number: is semi-computable. However, a com-
putable sequence whigikrmonotonically converges to is not necessarily monotone and a monotone sequence
converging tar does not automatically convergemonotonically. But the next result shows that, for any such
h-mc real numbet, there exists a monotone computable sequence which convergésrmonotonically.

Lemma5.2 Leth : N — Q be a computable function such thatn) < 1 for infinitely manyn € N. If z is
an h-mc real number, then there is a monotone computable sequence which convargemtinotonically.
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10 X. Zheng, R. Rettinger, and G. BarmpaliasMonotonically Computable Real Numbers

Proof. Let(xzs) be a computable sequence of rational numbers which convirgemotonically tox and
h : N — @Q a computable function such thaftn) < 1 for infinitely manyn. Suppose thatn) is the strictly
increasing sequence of all natural numbersuch that:(n;) < 1 and denote by.(s) the least:; > s. Now we
consider the computable sequerigg) defined byy, := z,,(,) for all s.

We show at first that the sequen@g) convergesh-monotonically tox. For anys < ¢, if n(s) = n(t),
then there is afi such thats < ¢ < n; andn(s) = n; and hencéi(s) > 1. This implies thati(s)|z — ys| =
h(s)|x — Tps)| > |2 — 2n4)| = |z — y¢|. Otherwise, ifn(s) < n(t), then there is ane N such thats < n; <,

n(s) = n; andn(s) < n(t). In this case, we havk(s) = h(n;) if s = n; andh(s) > 1 > h(n;) otherwise, i.e.,
h(s) > h(n(s)). Thisimplies that(s)|x —ys| = h(s)|z —Tp(s)| > h(n(8))|T —Tp(s)| > |2 —Tp )| = |2 —yel.

Notice that, ifys < ys+1, thenn(s) < n(s+ 1) and hence there is @ane N such thats = n; < s+ 1. This
means that(s) = h(n;) < 1. Therefore we haveg, < z, because otherwise < y, and soh(s)|x — ys| <
ys — = < ys+1 —« which contradicts thé-monotonic convergence of the seque(wg. Similarly, if ys > ysy1,
theny, > x. Now there are following four possibilities:

Case 1. The inequality; < y.+1 hold for almost alls € N. In this case, we can easily transform the sequence
(ys) to a monotone one which convergiesnonotonically taz.

Case 2y > ys41 hold for almost alls € N. We can do similar to the case 1.

Case 3. For almost adl, y, = ys41. In this case, the limit: is in fact a rational number and we are done.

Case 4.(3%°s)(ys < ys+1) and(3*°s)(ys > ys+1)- In this case, we can define an increasing computable se-
quence and a decreasing computable sequence which converge boffot@xample, the increasing computable
sequencgz,) can be defined by, := y,(,) whereg : N — N is defined inductively by

{ 9(0) = (p8) (Ys < Yst1)

gln+1) = (us) (s > g(n) & ygm) < ys < ys_H) )

But in this casey is a computable real number and hence there is an increasing computable sequence which
converges ta: h-monotonically by Lemmp 4} 1. O

As mentioned at the beginning of this section; & 1, then anye-mc real number is computable. It is natural
to ask, for a functiorh with 0 < h(n) < 1 for anyn € N, is anyh-mc real number computable too, or is there
any 1-mc real number which is ndt-mc for any computable functioh with (¥n)(h(n) < 1)? Next theorem
gives a negative answer to both of these questions.

Theorem 5.3 Every semi-computable real numbertisnc for a computable functioh : N — Q such that
0 < h(n) < 1foranyn € N.

Proof. Suppose thatis a left computable real number afic) is a strictly increasing computable sequence
of rational numbers which convergesitol eta be a rational number which is greater tharDefine a computable
functionh : N — Q by h(n) := “;Z2 for anyn € N. Then0 < h(n) < 1 becauser,, < x, foranyn € N.
Actually, the sequencer,) converges ta: h-monotonically because

B b=l = (o) () > o -y (L2

a— Ty T — T,

= (2 —Tnq1) 2 @ — T

for any natural numbers andm > n.

Similarly, if « is a right computable real number afxd ) a strictly decreasing computable sequence of rational
numbers which converges tgq then we define a computable functibn: N — Q by h(n) := % for any
natural numbers.. Obviously, we havé < h(n) < 1 for anyn € N and the sequende:;) converges ta
h-monotonically because

o o=l = (o= 2) (2] > (o =) (22227

Ty — T

= (Tpg1— ) > |2 — 24y
for any natural numbers, > n. O
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By Theorenj 4.p, the conditiol(n) < g(n) for all » does not suffice to separate the cla$dC from ~-MC.
The next theorem gives a sufficient condition such thstC = h-MC.

Theorem 5.4 Letg,h : N — (0,1)g be computable functions. #{n) < g(n) holds for alln and the sum
u = ..n(g(i) — h(i)) is a computable real number, thgAMC = h-MC.

Proof. Letg,h : N — (0,1)gp be computable functions such thetn) < g(n) for all n. We need only to
prove the non-trivial inclusiop-MC C h-MC. Letx be ag-mc real number. Ifc is computable, then it is also
h-mc by Lemmd 4]1. Suppose thais left computable but not computable. Then, by Lenima 5.2, there exists
an increasing computable sequefieg) of rational numbers which convergesitg-monotonically. That is, we
haveg(n)(x — z,) > x — x,+1 Which is equivalent to

xr — X
r < g, 4ontloTn (7
1—g(n)
for all n. Letv, := min{z,, + ””{"_*;(;f)" :m < n}. Then we haver < v, < v, and hence the limit

v := lim,,_ o vy, €Xists and: < v. Thus, we have < x,, + % which is further equivalent to

(L=g(n)(v—2p) <Tpi1 — (8)

for all n. Sincex is left computable but not computable ands right computable, we have actually < v.
Therefore, we can choose a rational numbsuch that) < r < v — .

By assumption, the sum:= . _(g(i)—h(i)) is computable and hence there exists a decreasing computable
sequencéu,,) of rational numbers which converges#o Now we can define a computable sequefgg of
rational numbers by, := z,, — 4, for 6, := r - (u, — >, . (g(i) — h(3))) for all n. Sincey,+1 — y, =
(Tne1 — Tn) + 7 (Up — uns1) + (g(n) — h(n)) > 0, the sequencey,,) is increasing. Furthermore, we have
lim,, o0 yn = lim, ., z,, becauséim,, ., 4, = 0. In addition, for large:, we haver — y,, < r and hence the
following inequality holds

Ynt+1 —Yn = (xn—ﬁ-l - wn) + (0n — n+1)
= (Tn41 — Tn) + 7 ((Un — nny1) + (9(n) — h(n)))
> (1—gm)(v—xn)+r-(g9(n) - h(n))
> r n)) +r-(g(n) —h(n))

(1 —g(n)
r-(1=h(n) > (lfyn)(l*h(n))

Thereforey is h-mc too. For right computable, the proof is similar. O

The Theorem 5]4 can be easily strengthened to the following form.

Theorem 5.5Letg,h : N — (0,1)g be computable functions. If the sum:= . _[g(i) — h(i)| is a
computable real number, theaMC = h-MC.

Proof. It suffices to apply Theoreim 5.4 to functionsandh, defined byg; (n) := max{g(n), h(n)} and
hi(n) := min{g(n), h(n)}, respectively, for alh. O

From the proof, Theorefn §.4 can not generalized directly to the case of constant funetidn However,
the result does hold correspondingly foe 1.

Theorem 5.6 Leth : N — (0, 1]g be a computable function. If the sum ;- ,(1 — h(i)) is a computable real
number, ther8C = h-MC.

Proof. We need only to show the non-trivial inclusis€ C h-MC. Leth : N — (0, 1] be a computable
function such that the sum:= >~° (1 — h(i)) is a computable real number. Notice that, by condit@n (2), an
increasing sequengg;) converges ta: h-effectively if and only if

Ys+1 — Ys > (x — ys)(1 — h(s)) )
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12 X. Zheng, R. Rettinger, and G. BarmpaliasMonotonically Computable Real Numbers

hold for all s. Thus, ifx is, say, left computable ar(d:;) an increasing computable sequence of rational numbers
which converges ta, then the sequendg,) defined by

ys =5 — » (1= h(i)) (10)

i>5

satisfies conditiorﬂ9). However, if the sum= Y ".° (1 — k(7)) is not computable, thefy,) is not necessar-
ily computable. Nevertheless, if is computable, then there is a decreasing computable seqUencehich
converges ta.. Now instead of), we can define a computable sequengef rational numbers by

Ys i= Ty — Ug + Z(l — h(i)) (11)

i<s

and the sequendg;) is increasing and satisfies conditigh (9) too. Thatgs) converges ta: h-monotonically
and hence: € h-MC. For right computable;, we can prove similarly the € h-MC. O

Notice that, for any computable functiopsh : N — Q, if h(n) < g(n) < 1foralln and}_, (1 — h(n))
is computable, theg-MC = SC becauseéSC = h-MC C ¢g-MC C SC. Actually, in this case, the sum
> ien(1 — g(i)) is computable too as shown in the next lemma.

Lemma 5.7 Leth,g : N — (0,1)p be computable functions. #f(s) < h(s) holds for all s and the sum
= (1 —g(i))isa computable real number, then the sum= >, _ (1 — h(4)) is computable too.

Proof. Sincethe sum:= 3, (1 —g(i))is computable, there exists an increasing computable sequence
(us) of rational numbers converging tosuch thatu — u, < 27° for all s. Letn(s) denote the least natural

numbert such that>'_ (1 — g(i)) > u, andv, := E"( )( h(i)) for all s. Then(v,) is an increasing
computable sequence of rational numbers which satisfies the following

v-vs = Y (A-h()< Y (1-g()

i>n(s) i>n(s)
= u- Y (I-gli)<u-u <27
i<n(s)
for all s. That is, the sequende;) converges te effectively and hence is computable. O

Now we show that the computability of the sgm, . (1 —A(%)) is in fact a necessary condition for the equality
SC= h-MC.
Theorem 5.8 Leth : N — (0,1)g be a computable function. ¥, (1 — &(i)) is not a computable real

number, then there is a left computable real numbewhich is noth-monotonically computable, i.eSC ¢
h-MC.

Proof. Leth : N — (0,1)g be a computable function such tha}, (1 — A(7)) is not computable. We are
going to construct a computable nondecreasing sequentef rational numbers which convergesitsuch that
x is noth-mc. Sincer is left computable, by Lemnja §.2,4fis h-mc, then there exists an increasing computable
sequence of rational numbers which convergesonotonically. Thusg needs only to satisfy, for al € N, the
following requirements:

is an increasing total function and
R, e g ? Ye 7é xz

(pe(s)) convergesi-monotonically toy.

where(y, ) is an effective enumeration of computable functignsC N — Q.

We explain the idea how a single requireméit can be satisfied. Lef; := {0,1,2,3,4} andI be set
of all rational subintervals of the intervfl), 1]. We define at first an interval tree: X — T inductively by
I(A) :=[0,1] and](wi) = [u;, usyq] forallw € Tf andi < 5, whereuy < uy < ug < ug < ug < us iS an
equidistant subdivision of the interva{w). The intervall (w) is denoted bya,,, b,,] for anyw € 3%. Then we
havea,, = 3, _,, 5~ - wli] andb,, = a,,+5~"!. Letus begin with the intervad, 1] as the base interval of

Copyright line will be provided by the publisher



mlqg header will be provided by the publisher 13

R.. Our goal is to find a subintervdl C [0, 1] such that any point of except endpoints satisfies the requirement
R.. In this case, the interval is called a witness interval at..

Assume thatp, is a total function andy.(s)) is an increasing sequence. At the beginning/(éfl) be the
first candidate of the witness interval &. If the sequencéy.(s)) does not enter the intervé(11), then we
are done. Otherwise, suppose that there existg auch thatp.(so) € I(11). If there exists & < sy such
thath(t)(as — pe(t)) < az — @.(t + 1) holds, then we change the witness interval tad i®). In this case, for
anyz € I(3), we haveh(t)(z — e(t)) < = — ¢.(t + 1) and hencd (3) is a correct witness interval dt..
Otherwise, if the inequalitys(¢) (as — we(t)) > ag — @ (t + 1) holds for allt < so, then we choosé(131) to
be a new candidate of witness interval. Analogously, if there exists an s such thatp.(s1) € 1(131), then
we choose eithef(3) or 7(1331) to be the new candidate of witness intervalf, depending on whether there
exists a < s; such thati(¢)(as — p.(t)) < as — ¢e(t + 1) holds, and so on. Let’s look at the possible outcome
of our construction. If the interval(3) is chosen as a witness interval at some stage, then we are done because
the sequencép.(s)) does not converge to any element/¢3).

Otherwise, if/ (3) has never been chosen as the witness intervBLothen there are two possibilities. Either
there is a € N such that/(13*1) is chosen as a candidate of witness interval and there does not exish
that o.(s) € I(13*1) and hencd (131) is a correct witness interval dt. or each of the following intervals
I(11),1(131),1(1331),--- is chosen to be a candidate of witness interval at some stage. In the latter case, there
exists a computable increasing sequefigg of natural numbers such that(s,,) € I(13™1) for all n. This
implies that the limity, := lim, o, ¢c(s) =571 +3- Zfiz 577 is a computable real number. In addition, we
have the inequality,(n)(as — pe(n)) > a3 — @.(n + 1) holds for allt € N. That is, we have

(1 = h(n))(as — pe(n)) < @e(n +1) — pe(n) (12)
for all n. Notice thatas — ¢.(n) > 51 for all n. Now we define a computable functign N — (0, 1)g by
g(n) = 1-5-(pe(n+1) = @e(n))

for all n. By condition [12), we havé — g(n) = 5(¢c(n+ 1) — @c(n)) > 5(1 — h(n))(as — pe(n)) > 1 —h(n)
and hencg(n) < h(n) for all n. On the other hand, we ha¥e, . (1—g(n)) =53, cn(@e(n+1) —pc(n)) =
5(ye — ©e(0)). Thatis, the sun} (1 — g(n)) is a computable real number and hefcg (1 — h(n)) is
computable too by Lemnja$.7. This contradicts the hypothesis @his contradiction implies that only finitely
many intervals can be chosen to be the candidate of a witness inteiRalaafd the last one is a correct one.

To satisfy all requirement&, simultaneously, we apply a standard finite injury priority construction. We omit
the details here. O

By Corollary[4.3, Theorern 5.6 and Theorgm|5.8 we can summarize the possiblé-dlEsgor computable
functionh : N — (0, 1] as follows.

Corollary 5.9 Leth : N — (0, 1]p be a computable function, then the following hold.
1. 1f 32, cn(1 — h(n)) = oo, thenh-MC = EC;
2. If >, cn(1 = h(n)) is finite and computable, thérMC = SC; and
3. 1If > cn(1 = h(n)) is finite but not computable, thé&C C h-MC C SC.

Thus, for computable function's : N — (0, 1]g, the corresponding clagsMC can coincide withEC or
SC or locate strictly betweeEC and SC, depending on how fast the functidnconverges ta from below.
However, if we consider a computable functibn N — [1, co)g Which converges ta from above, the situation
is completely different.

Theorem 5.10 Leth : N — [1, 00)g be a computable function. lim,,_.., A(n) = 1, thenSC = h-MC.

Proof. The inclusiorSC C h-MC follows immediately from the equatiocBC = 1-MC (Theoren{ 3]1.2)
and the inclusior1-MC C h-MC (Lemmd3.8). Now we prove the other inclusibsMC C SC. By Corollary
3.5, if there exists a computable functibn N — (1, c0)g which converges ta such that-MC C SC, then we
are done. Let us consider the functibulefined byh(s) :== 14 27° forall s .
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14 X. Zheng, R. Rettinger, and G. BarmpaliasMonotonically Computable Real Numbers

Letx € [0, 1] be ankh-mc real number anfl:,) a computable sequence of rational numbers of the unit interval
[0, 1] which converges t@ h-monotonically. Iflxs—xs41| < 27° holds for almost alk, then we are done because
the limit 2 is computable and hence is also semi-computable in this case. Suppose that there are infinitely many
ssuchthafxs — x.11| > 27%. Since(x) converges ta: h-monotonically, we havé(s)|x — xs| > |z — zs41]
which is equivalent to

_ Ts41—7Ts Ts41—Ts H .
< T Ih(s):% orx>uws+ Th(s)irrl ) |f Ts < Tsy1; (13)
r<xs+ 22“51)7‘1“ orx>uwxy— == ,‘;z“;)Jr'lS, if x541 < zs.

for all s. Now we consider the following cases.

Case 1. There are infinitely manysuch thate, < 2,41 and|zs; — xs41| > 27°. For these indices, we have
s, < z because of conditi03). Otherwisepif< z4, theny < z, — x;(*;)jﬁs =1z — (Tg41 — x5) - 25 <
zs — 1 < 0 which contradicts the choice af € [0,1]. Thus, we can construct an increasing computable
subsequence dfr) which converges ta and hence: is left computable.

Case 2. There are finitely magyuch thatr, < xsy; and|zs—z.41| > 27°. Then, there must exist infinitely
manys such thate, > .41 and|zs — z.11] > 27*. In this case, we can show thais right computable in a
way similar to the case 1.

In both cases we can conclude that thag semi-computable and henkeMC C SC holds. O

6 Around a Constantc > 1

In sectior] b, we investigated titiemc real numbers for computable functions which appraackor such kind
of functionsh, we haveh-MC C SC. In this section we discuss the clasgeMC for computable functions
h : N — Q which converge to a constaat> 1. We will show thath-MC = ¢-MC if h converges te from
below. If the computable functioris g : N — (¢, 00)g converge ta: from above, then we havueMC = h-MC.

Different from the case of constatt the next theorem shows that,df> 1 andh : N — (0,¢)g is a
computable function which convergesddrom below, then the class-MC is always the same no matter how
fast the functiond approaches the constant

Theorem 6.1 Letc > 1 be a constant andy, hy : N — (0, ¢)g be computable functions. i, is nonde-
creasing andlim,, o, h1(n) = lim,,_, ha(n) = ¢, thenh;-MC C hy-MC.

Proof. Lethy,he : N — (0,1)g be computable functionsi, is nondecreasing anim,,_.. h1(n) =
lim,, . ho(n) = ¢ > 1. Suppose, w.l.o.g., thét; (n), h2(n) > 1 for all n € N. We will show thath,-MC C
ha-MC.

Let = be anh;-mc real number andz,) a computable sequence of rational numbers which convérges
monotonically tox. Sinceh;(n) < ¢ = lim,_ o ho(s) for all n, there is a strictly increasing computable
sequencén;) of natural numbers such thag(n;) > hq(¢) for anyi € N. Letn(s) denote the largestsuch that
n; < s and define a computable sequerigg) of rational numbers by, := ) for all s. We show thaty,)
converges ta: ho-monotonically.

For any natural numbers < ¢, if n(s) = n(¢), then there is an € N such that; < s < ¢t < n;41 and
n(s) = n(t) = . In this case, we have

ha(s)| = ys| = ha(s)e — 2no | 2 [ — 2nw| = |2 =y,

sincehy(s) > 1. Otherwise, ifn(s) < n(t), then there aré < j such thatu(s) = ¢, n(t) = j andn; < s <
n; < t. Because is increasing and(n;) > hi (i), we conclude that

ha(8)|x — ys| = ha(ni)|z — Tp(s)| = ha ()| — 24 > |z — 25| = |2 — yel.
Therefore, the sequen¢g;) converges ta: ho-monotonically and henceis ho-mc. O

Corollary 6.2 Letc > 1 be a constant and,, ke : N — (0,¢)g computable functions. If there exists a
nondecreasing computable functign N — Q such that the limitim,_, ., g(s) = c andhq(s), ha(s) > g(s)
for all s, thenh;-MC = hy-MC.
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The above proof does not work fif; or hs is the constant function. But a corresponding result holds. To
show that we need a new technique.

Definition 6.3 Leth : N — Q be a function. A sequende,) of rational numbers is callet-reducedf, for
all ¢ < j, there does not exist natural numbers j such thati(i)|zs — ;| < |zs — z;].

Lemma 6.4 Leth : N — [1,00)g be a computable function. {fz,) is a computable sequence of rational
numbers which convergésmonotonically tar, then there exists al-reduced computable sequence of rational
numbers which converges 1aoo.

Theorem 6.5 Letc > 1 be aconstantandl : N — (0, ¢)g a computable function. If there is a nondecreasing
computable functiog : N — (0, ¢)g such thatg(n) < h(n) for all » and lim,,_,o, g(n) = ¢, thenc-MC =
h-MC.

Proof. Leth : N — (0,c)g be a computable function. Then the inclusioMC C ¢-MC is trivial. By
Corollary[6.2, it suffices to prove that for amymc real numbet, there exists an increasing computable function
g : N — (0,c)g with lim,_, g(s) = ¢ such that: is g-mc.

Let z € [0,1] be ac-mc real number andz,) a c-reduced computable sequence of rational numbers of
[0,1] which converges ta: c-monotonically. Assume w.l.0.g that is not semi-computable. Thus we have
¢ |z — z;| > |r — z;| for any natural numbers < j. In other words, the limit: does not belong to the open
interval I (7, j) which is defined by

T

T —T; . .
(l‘i— 2_17IZ‘—|— c+1)7 Ifxi<:cj,

16.j) = o
=

(ﬂfi — B, T+ ) , otherwise.
The intervall(i, j) is called a forbidden interval of indei, j) (for i < j). Now we can prove the following

claim.

Claim 6.5.1 For any natural number, there exist natural numbersj, k withn < i < j < k such that
1(i,5) N 1(G, k) # 0
Proof. Assume by contradiction that the claim does not hold. That is, thererisanh that/ (z, ;) N I(7,k) = 0
foranyn < i < j < k. Choose an index pair< j large enough such that= |z; — x| very small. Suppose
thatz; < x;. Sincel(,j) NI(j,s) = 0 for anys > j, then we havéz; — z;)(c+1) <6 —46/(c+ 1), i.e,

x5 > x; —cd, if s < x; and(zs — z;)/(c—1) <6 —06/(c+ 1), le,zs < z; + ;‘_}cé, otherwise. This

implies that the limitc locates in the intervaﬂxj —cd, T+ %05] Since(z) converges ta;, we can choose

0 = |z;, z;| arbitrarily small. Thusg is a computable real number which contradicts the hypothesis tisatot
semi-computable. O (claim)

By Claim, there is a computable sequefigej.,, k,,) of index-triples such that, < j,, < k, < in41
and(in, jn) N I(jn, kn) # 0 for all n. Then, we define a computable sequefigg of rational numbers by
Yn = (x5, +x;,)/2 forall n. Lete, := |z;, — y;,|/2. Then we can define an increasing computable function
g : N — (0,¢)g such thatc — g(n) < ce, /2 for all n. Notice that, by assumption, we hajee— z,,| < 1 and
en < 1/2for all n. Thus, for any natural numbers> m, we have

gn)lz —ynl = (c—6n) (min{lz — x|,z — 2, [} + €n)
= c-min{|z —a;, |, |z —zj, |} + cen
=0 (min{|z —z;, |, |z — 2;,[} + €n)
}+ cen — 26,

max{|e — ;| |o — 2, |}

max{|z — z;, |, |z -z,

= ‘xfym|+em2|x7ym|a

whered,, := ¢ — g(n). That is, the computable sequengg,) converges ta: g-monotonically. Thusy is
g-mc. 0
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Similar to Theoreri 6]1, for the case above a constantl, we have only one clagsMC for any computable
functionh : N — (¢, 00)g such thalim,_, h(s) = c.

Theorem 6.6 Letc > 1 be a constant andy, he : N — (¢, 00)g computable functions. lim,_. h1(s) =
lim, o0 h2(s) = ¢, thenh;-MC = hy-MC.

Proof. Lethy,hy : N — (¢, 00)g be computable functions such thah,_. 71 (s) = lims_, ha2(s) = c.
For anys € N, sincehy(n) > ¢, there exist infinitely many such that (¢) < ho(s). By Theorenj 3.4, we have
h1-MC C ho-MC. Similarly, we can show thdt,-MC C hy-MC holds too. O

7 w-Monotonically Computable Real Numbers

In the preceding sections we discussed /ik@c real numbers for computable functiohavhich converge to
constants. All these real numbers are weakly computable as shown in THeofem 3.1. The situation is of course
different if we consider also unbounded computable functigrisecause it is shown iql[8] that the classwimc

real numbers is incomparable withiIC. In this section we will discuss the-mc real numbers. Naturally, we

are interested in some kind of hierarchyueMC by different classes-MC according to the increasing speed

of h. However we will see that this is impossible, because for any unbounded monotone computable function
we have alreadj-MC = w-MC.

Theorem 7.1 Leth : N — Q% be a monotone and unbounded computable function. THd€ = w-MC.

Proof. Suppose thdt : N — Q% is a monotone and unbounded computable function. We are going to
show thato-MC C h-MC. Letx be anw-mc real number. Then there is a computable funciiol™N — Q and
a computable sequenc¢e;) of rational numbers which converggamonotonically tox. Sinceh is unbounded,
we can define an increasing computable sequéngeof natural numbers such thatn;) > g(i) for all ¢ € N.
Let (y,) be a computable sequence of rational numbers defingd by z,,,) for anys € N, wheren(s) is the
maximum; such that:; < s. Then, the sequendg,) converges obviously also ta Now we will show that the
sequencéy;) convergence actually-monotonic ta.

For natural numbers < ¢, if n(s) = n(¢), i.e., there is ani such thaty; < s < t < n;;41 andn(s) = 4,

thenh(s)|z — ys| = h(s)lx — x;| > | — ;| = |z — y|. Otherwise, ifn(s) < n(t), then there aré < j
such that; < s < n; < tandn(s) =i < j = n(t). Sinceh is increasing, this implies that(s)|z — ys| >
h(ni)lz — xi| > g(i)|lx — z;| > |z — 24| = [* — y;|. Thereforey is h-monotonically computable. O

Corollary 7.2 Leth : N — Q be a computable function. If there exists an unbounded monotone computable
functiong such thaty(n) < h(n) for all n, thenh-MC = w-MC.
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